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EMBEDDINGS OF DERIVED CATEGORIES OF
BORNOLOGICAL MODULES
RALF MEYER
Abstrat. Let A be an algebra with a ountable basis and let B be, say,
a Fréhet algebra that ontains A as a dense subalgebra. The embedding
A → B indues a funtor from the derived ategory of B-modules to the
derived ategory of A-modules. In many important examples, it happens that
this funtor is fully faithful. We study this property in some detail, giving
several equivalent onditions, examples, and appliations.
To prepare for this, we explain arefully how to do homologial algebra
with modules over bornologial algebras. We onstrut the derived ategory
of bornologial left A-modules and some standard derived funtors, with spe-
ial emphasis on the adjoint assoiativity between the tensor produt and the
internal Hom funtor. We also disuss the ategory of essential modules over
a non-unital algebra and its funtoriality.
1. Introdution
We rst onsider a motivating example. Let T2θ be the nonommutative 2-torus
with parameter θ ∈ R. Funtions on T2θ have Fourier expansions of the form∑
m,n∈Z amnU
mV n, where U and V are invertible and satisfy the relation
UV = exp(2πiθ)V U.
The algebra P(T2θ) of polynomial funtions on T
2
θ is dened by the requirement
amn ∈ C[Z
2]. The algebra S(T2θ) of smooth funtions on T
2
θ is dened by the
ondition (amn) ∈ S(Z
2), that is, amn = O(m + n + 1)
−k
for all k ∈ N. If θ = 0,
then P(T2θ) is the algebra of Laurent series, that is, polynomial funtions on (C
×)2,
and S(T2θ) is isomorphi to the algebra of smooth funtions on T
2
.
Alain Connes has omputed the Hohshild and yli homology of S(T2θ) in [3℄.
He uses a small free S(T2θ)-bimodule resolution of S(T
2
θ). Suh a resolution is
rather easy to nd for the dense subalgebra P(T2θ). The ruial point in Connes's
omputation is that the same type of omplex still works for S(T2θ). There are
situations that are similar at rst sight, but where suh a resolution does not exist.
For instane, there is no small free ℓ1(Z)-bimodule resolution for the onvolution
algebra ℓ1(Z), although there is an evident one for the dense subalgebra C[Z]. This
is why the Hohshild homology of ℓ1(Z) is so hard to ompute.
The above example generalises as follows. Let f : A → B be a bounded unital
homomorphism between two bornologial unital algebras. If you are unfamiliar
with bornologies, you may think of topologial algebras here for the time being.
Choose any resolution of A by free bornologial A-bimodules,
· · · → P3 → P2 → P1 → P0 → A.
Resolution means that the hain omplex above has a bounded ontrating ho-
motopy. Now we onsider the hain omplex B ⊗ˆAP• ⊗ˆAB, whih an be equipped
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with a anonial augmentation map B ⊗ˆA P0 ⊗ˆA B → B. Here ⊗ˆA denotes the
A-balaned omplete bornologial tensor produt, whih is dened by the universal
property that bounded linear maps X ⊗ˆA Y → Z orrespond to bounded bilinear
maps b : X × Y → Z that satisfy b(xa, y) = b(x, ay).
The omplex B ⊗ˆAP• ⊗ˆAB is a good andidate for a free B-bimodule resolution
of B. It is always a hain omplex of free bornologial B-bimodules. If it is a
resolution of B as well, we all f : A → B isoohomologial. This is what happens
for the embedding of P(T2θ) into S(T
2
θ) and makes the yli homology of S(T
2
θ)
omputable. I introdued this onept in the ontext of group onvolution algebras
in [18℄ to failitate some rather tehnial omputations of oinvariant spaes. Of
ourse, the information that f is isoohomologial is partiularly useful if A has a
rather small free bimodule resolution. Proving that a homomorphism is isooho-
mologial is usually diult and requires some geometri insight into the algebras
at hand. This is partiularly apparent in the following situation.
Let G be a nitely generated disrete group and let ℓ be a word length funtion
on G. Let C[G] be the assoiated group algebra and let
(1) S(G) :=
{
f : G→ C
∣∣∣ ∑
g∈G
|f(g)|(ℓ(g) + 1)k <∞ ∀k ∈ N
}
.
Then C[G] is an algebra with a ountable basis and S(G) is a Fréhet algebra,
ontaining C[G] as a dense subalgebra. The embedding i : C[G]→ S(G) is isooho-
mologial if and only if the slightly simpler hain omplex S(G) ⊗ˆC[G] P• ⊗ˆC[G]C is
a resolution of C, where C is equipped with the trivial representation of G and P•
is a free C[G]-bimodule resolution of C[G]. I show in [19℄ that the homotopy lass
of this hain omplex only depends on the large sale geometry of G and onstrut
a ontrating homotopy in the ase where G is a ombable group in the sense of [4℄.
In this artile, we will see that it is also ontratible if G has polynomial growth.
The proof redues this assertion to an analogous one for nilpotent Lie groups, whih
an be heked using hain omplexes of dierential forms.
There are nitely generated groups for whih the embedding C[G] → S(G) is
not isoohomologial beause of the following obstrution: a neessary ondition
for C[G] → S(G) to be isoohomologial is that the rational ohomology groups
Hn(G;Q) must be nite dimensional for all n ∈ N.
The main goal of this artile is to explore other properties of isoohomologial
homomorphisms. Put in a nutshell, if f : A → B is isoohomologial, then all
homologial omputations with B-modules an be redued to homologial ompu-
tations with A-modules. There are three basi onstrutions for whih we verify this
statement: the left derived funtor ⊗ˆ
L
B of the balaned tensor produt (M,N) 7→
M ⊗ˆBN , the right derived funtor RHomB of the funtor (M,N) 7→ HomB(M,N),
and the derived ategory Der(B) over the ategory of bornologial B-modules.
It is important for us to use total derived funtors instead of the satellite fun-
tors like ExtnB(M,N) and Tor
B
n (M,N) that are often alled derived funtors. The
latter an be obtained from the total derived funtors RHomB(M,N) andM ⊗ˆ
L
BN
by passing to homology. Thus statements about total derived funtors imply state-
ments about their satellite funtors. However, the passage to homology forgets the
bornology, whih is an important part of the struture. For instane, the hain
omplex B ⊗ˆA P• ⊗ˆAB is a realisation of B ⊗ˆ
L
AB. The denition of an isoohomo-
logial homomorphism therefore amounts to the ondition that the natural hain
map B ⊗ˆ
L
AB → B ⊗ˆ
L
BB
∼= B should be a homotopy equivalene. This is more than
a statement about TorAn (B,B).
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We will see in Theorem 35 that various onditions involving ⊗ˆ
L
B , RHomB, and
Der(B) are equivalent to f being isoohomologial. For instane, f is isoohomo-
logial if and only if the funtor f∗ : Der(B)→ Der(A) indued by f is fully faithful.
It is possible to prove these equivalenes by hand, playing around leverly with free
resolutions. However, the proof gets more transparent and muh shorter if we use
some of the more advaned tools of homologial algebra. There are also other sit-
uations where this mahinery is useful. Therefore, a great part of this artile deals
with the appliation of homologial algebra to ategories of bornologial modules.
Before I explain how this works, I should disuss why I use bornologies instead
of topologies. A bornology on a vetor spae is a olletion of bounded subsets
that satises ertain axioms. Topologial vetor spaes always arry anonial
bornologies. As long as we are only dealing with Fréhet spaes, bornologial and
topologial analysis tend to be equivalent (see [16℄). Already for the simplest pos-
sible non-Fréhet spaes like C[G] or P(T2θ), working topologially reates several
tehnial problems. These problems are artiial beause they disappear when we
treat these spaes bornologially. One of the reasons why homologial algebra with
bornologial vetor spaes is partiularly nie is adjoint assoiativity: the om-
plete bornologial tensor produt is left adjoint to the internal Hom-funtor. In
partiular, there is a anonial bornology on a spae of bounded linear maps. In
ontrast, on spaes of ontinuous linear maps, there are dozens of topologies, whih
are useful for ertain purposes, but do not have good algebrai properties. The
omplete topologial tensor produt annot have any right adjoint beause it does
not ommute with diret sums.
Adjoint assoiativity allows us to get assertions about homology from assertions
about ohomology (with oeients). In ontrast, in ategories of topologial vetor
spaes homology seems to arry more information than ohomology. More preisely,
let f : A→ B be a ontinuous unital homomorphism between two topologial unital
algebras. The homologial statement B ⊗ˆ
L
A B
∼= B implies easily that the indued
funtor f∗ : Der(B) → Der(A) is fully faithful. However, the onverse seems to be
false. At least, I have no idea how to prove it in general.
Let Mod(A) be the ategory of bornologial left modules over some bornologial
unital algebra A. This ategory is never Abelian. Jean-Pierre Shneiders and Fabi-
enne Prosmans have promoted the notion of a quasi-Abelian ategory (see [2527℄).
The ategory Mod(A) is indeed a quasi-Abelian ategory. However, there are only
very few situations where the resulting derived funtors and derived ategories are
useful. The reason is that we usually do not want any nontrivial homologial al-
gebra to happen for A = C. Moreover, we want free modules to be projetive.
Therefore, we do relative homologial algebra and only allow resolutions with a
bounded linear setion. This setup an be formalised easily: Mod(A) with the lass
of extensions with a bounded linear setion is an exat ategory in the sense of
Daniel Quillen. Abelian ategories and quasi-Abelian ategories are, of ourse, spe-
ial ases of exat ategories. Most onstrutions that work in Abelian ategories
still work for exat ategories with very mild extra hypotheses. Therefore, we shall
work in the framework of exat ategories.
We let Ho(A) be the homotopy ategory of hain omplexes over the ategory
Mod(A). This is a triangulated ategory, and the exat omplexes form a thik,
triangulated subategory Exact(A) ⊆ Ho(A). This is true for almost any exat
ategory by [22℄. The derived ategory Der(A) is dened as the loalisation of Ho(A)
at Exact(A). The exat ategory Mod(A) has enough projetives and injetives,
namely, the free modules A ⊗ˆ X and the ofree modules Hom(A,X). This yields
a rather expliit desription of Der(A) and derived funtors. Another important
feature of Ho(A) and Der(A) is that these ategories are generated in some sense
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by appropriate subategories of Mod(A) (see Propositions 6 and 10). This idea
goes bak to [1℄. It is very useful to redue assertions about hain omplexes to
assertions about modules.
There is a anonial bornology on the spae HomA(M,N) of bounded A-module
homomorphisms between two A-modules M and N . The funtors HomA and ⊗ˆA
satisfy important adjointness relations. The most general statement is that there
is a natural isomorphism of bornologial vetor spaes
HomB,C(M ⊗ˆA N,X) ∼= HomA,C(N,HomB(M,X))
if M is a B,A-bimodule, N is an A,C-bimodule, and X is a B,C-bimodule.
It is easy to extend the onstrution of HomA(M,N) and M ⊗ˆA N to the ase
where M and N are hain omplexes instead of modules. Applying the resulting
funtors to projetive and/or injetive resolutions, we dene the derived funtors
RHomA(M,N) and M ⊗ˆ
L
A N . These are triangulated funtors
RHomA : Der(A)
op × Der(A)→ Ho, ⊗ˆ
L
A : Der(A
op)× Der(A)→ Ho.
Here
op
denotes opposite ategories and algebras. They satisfy the appropriate
analogue of adjoint assoiativity.
It is frequently neessary in nonommutative geometry to onsider ertain non-
unital algebras like D(G), the onvolution algebra of smooth, ompatly supported
funtions on a loally ompat group G. Although non-unital, D(G) has approxi-
mate identities, and D(G) is projetive both as a left and right module over itself.
We all algebras with these two properties quasi-unital. A module over an algebra
is alled essential if the module ation A ⊗ˆ M → M is a bornologial quotient
map or, equivalently, A ⊗ˆA M ∼= M . We let Mod(A) be the ategory of essential
modules. The ategory Mod(D(G)) is of great interest beause it is isomorphi to
the ategory of smooth representations of G on bornologial vetor spaes by [17℄.
The ase of D(G) is typial for general quasi-unital algebras: most arguments for
the group ase work in this generality.
Any quasi-unital algebra has a multiplier algebra M(A), and the ategory of
essential modules over A embeds as a full subategory in the ategory of unital
M(A)-modules. This embedding also preserves projetives, so that we get a or-
responding fully faithful embedding of derived ategories Der(A) ⊆ Der(M(A)).
This is not an equivalene of ategories beause M(A) is not an essential mod-
ule over A. Although it may seem tempting to work with unital M(A)-modules
instead of essential A-modules, there are important reasons for not doing so (see
Setion 4.4).
We also disuss the funtoriality of Mod(A) and Der(A). A bounded homomor-
phism f : A → M(B) allows us to view B as an A-bimodule. We all f essential
or just a morphism if B is essential as an A-bimodule. If A and B are unital, this
just means that f(1A) = 1B. A morphism is alled proper if it is a bounded map
from A into B. We use the notation f : A 99K B to denote a morphism from A
to B. We write f : A→ B if f is proper. To any morphism, we assoiate funtors
f∗, f ! : Mod(B)→ Mod(A), f∗, f! : Mod(A)→ Mod(B).
The funtor f∗ is right adjoint to f
∗
and f! is left adjoint to f
!
. If f is proper, then
f∗ = f !. This is reminisent of the adjointness properties between funtors in sheaf
theory that arry the same names. However, beyond this formal point there is no
further relationship between these two situations.
For example, if H is a losed subgroup of a loally ompat group G, then we
get an assoiated morphism iGH : D(H) → D(G). It is proper if and only if H is
open in G. The funtors (iGH)
∗ : Mod(G) → Mod(H), (iGH)∗ : Mod(H) → Mod(G),
and (iGH)! : Mod(H) → Mod(G) orrespond to restrition, indution, and ompat
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indution of representations, up to ertain relative modular funtions. There is no
lassial analogue of the funtor (iGH)
!
.
After introduing the above struture on module ategories, we turn to the har-
aterisation of isoohomologial homomorphisms. We give several equivalent har-
aterisations. The most attrative one may be that f is isoohomologial if and
only if f∗ : Der(B) → Der(A) is fully faithful. The general mahinery developed
above makes it easy to prove the equivalene of these onditions.
Then we onsider some lasses of examples of isoohomologial homomorphisms.
First we onsider group onvolution algebras, then rossed produts. Our results
on rossed produts ontain results on nonommutative tori as speial ases. In
the group ase, we rst exhibit how our denitions are related to [19℄. We explain
how to treat weighted variants of the spae S(G) for a disrete group G. I needed
this generalisation in a rather simple speial ase in [18℄. Then we show that the
embedding C[G] → S(G) is isoohomologial for disrete groups of polynomial
growth. The proof redues this to the speial ase where G is a oompat lattie
in a onneted nilpotent Lie group G¯. We use the de Rham omplex of ompatly
supported dierential forms on G¯ as a free C[G]-module resolution of the trivial
representation of G. The same argument shows that the embedding D(G¯)→ S(G¯)
is isoohomologial. For a Lie group G, let O(G) be the algebra of funtions on G
whose derivatives deay faster than any exponential in the length funtion. Our
argument also shows that the embedding D(G) → O(G) is isoohomologial for a
large lass ofG, inluding all semi-simple Lie groups. It seems likely that the Harish-
Chandra-Shwartz algebras of semi-simple Lie groups and their p-adi analogues are
also isoohomologial. However, so far I ould hek this only for Sl2(Qp).
2. Bornologial modules over unital bornologial algebras
Throughout this artile, we may onsider bornologial algebras over the real or
omplex numbers. We usually suppose that we work over C in our notation. We
write X ∈O C to denote that X is an objet of a ategory C.
2.1. Bornologies. We shall only meet omplete onvex bornologial vetor spaes
in this artile. Therefore, we drop these qualiers from our notation and taitly
assume all bornologies to be omplete and onvex. We refer to [8, 9, 16, 26℄ for
general results on bornologial vetor spaes.
A bornology on a vetor spae V is just a olletion of bounded subsets. Convexity
of the bornology means that any bounded subset is ontained in an absolutely
onvex bounded subset. If T ⊆ V is an absolutely onvex bounded subset, we
let VT be its linear span. There is a unique seminorm on VT whose unit ball is
T ′ :=
⋂
ǫ>0(1 + ǫ)T . We all T a omplete disk in V if T = T
′
and VT is a Banah
spae. Completeness of the bornology means that any bounded subset is ontained
in a omplete disk. The omplete disks in V form a direted set and T 7→ VT is
an indutive system of Banah spaes with the additional property that the maps
VS → VT for S ≤ T are injetive. We have a natural isomorphism of bornologial
vetor spaes V ∼= lim−→
VT . A loser look at this onstrution reveals that the
ategory of bornologial vetor spaes is equivalent to the ategory of indutive
systems of Banah spaes with injetive struture maps (see [26℄). Analysis in
bornologial vetor spaes is done by redution to the Banah spae ase. For
instane, a sequene onverges in V if and only if it onverges in VT for some
omplete disk T .
We shall need the following examples of bornologies. Any vetor spae V an be
written as a diret union of its nite dimensional subspaes. This gives rise to the
ne bornology on V . The preompat subsets of a Fréhet spae V form a bornology,
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alled the preompat bornology on V . We remark that preompat is synonymous
to totally bounded; it is equivalent to relatively ompat in omplete spaes.
Let V and W be two bornologial vetor spaes. We write Hom(V,W ) for the
spae of bounded linear maps V → W . A subset S ⊆ Hom(V,W ) is alled equi-
bounded if S(T ) ⊆W is bounded for any bounded subset T ⊆ V . The equibounded
subsets form a omplete onvex bornology on Hom(V,W ). The bornologial vetor
spae Hom(n)(V1 × · · · × Vn,W ) of bounded n-linear maps V1 × · · · × Vn → W is
dened similarly. It is easy to see that there is a bornologial isomorphism
(2) Hom
(⊕
i
Xi,
∏
j
Yj
)
∼=
∏
i,j
Hom(Xi, Yj).
Moreover, omposition is a bounded bilinear map
◦ : Hom(X,W )×Hom(V,X)→ Hom(V,W ), (f, g) 7→ f ◦ g.
Thus End(V ) := Hom(V, V ) is a bornologial algebra.
The projetive (omplete bornologial) tensor produt V ⊗ˆW is a (omplete on-
vex) bornologial vetor spae with the universal property that bounded bilinear
maps V × W → X into omplete onvex bornologial vetor spaes orrespond
to bounded linear maps V ⊗ˆW → X (see [8℄). There is a natural bornologial
isomorphism
Hom(V1 ⊗ˆ · · · ⊗ˆ Vn,W ) ∼= Hom
(n)(V1 × · · · × Vn,W ).
Hene ⊗ˆ is ommutative, assoiative, and satises C ⊗ˆ V ∼= V ⊗ˆ C ∼= V for all V .
There are natural adjoint assoiativity isomorphisms
(3) Hom(V ⊗ˆW,X) ∼= Hom(V,Hom(W,X)) ∼= Hom(W,Hom(V,X))
beause these spaes are all bornologially isomorphi to Hom(2)(V ×W,X). Equa-
tion (3) implies that ⊗ˆ ommutes with diret limits. Espeially,
(4)
(⊕
i
Xi
)
⊗ˆ
(⊕
j
Yj
)
∼=
⊕
i,j
Xi ⊗ˆ Yj .
In ategories of topologial vetor spaes, adjoint assoiativity fails. There are
many useful topologies on spaes of ontinuous linear maps, but they do not have
partiularly good algebrai properties. In fat, the most anonial struture on a
spae of ontinuous linear maps is a bornology, namely, the equiontinuous bornol-
ogy. The omplete projetive topologial tensor produt ([6℄) annot have a right or
left adjoint funtor beause it does not ommute with diret sums and it does not
preserve kernels. Instead, it ommutes with diret produts and preserves okernels.
2.2. Bornologial algebras and modules. A bornologial algebra is a bornolog-
ial vetor spae together with a bounded assoiative multipliation A × A → A.
A bornologial (unital) left A-module is a bornologial vetor spae M together
with a bounded bilinear multipliation map A×M →M satisfying the usual rules
a1 ·(a2 ·m) = (a1 ·a2)·m, 1·m = m. By the universal property of the omplete borno-
logial tensor produt, this data is equivalent to a bounded linear map A⊗ˆM →M
satisfying similar properties. By adjoint assoiativity (3), this is further equivalent
to a bounded unital algebra homomorphism A→ End(M). The latter desription
is, of ourse, not available for topologial modules. We let Mod(A) be the ategory
of bornologial left A-modules, whose objets are the bornologial left A-modules
and whose morphisms are the bounded A-module homomorphisms. In this setion,
we only onsider unital algebras and modules. The important generalisation to
essential modules over quasi-unital algebras is treated in Setion 4.
Right modules are dened similarly using a homomorphism Aop → End(M), a
bilinear mapM×A→M , or a bilinear mapM ⊗ˆA→M . Here Aop is the opposite
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algebra of A. Thus we write Mod(Aop) for the ategory of right A-modules. The
ategory of A,B-bimodules is denoted by Mod(A ⊗ˆ Bop). We write Bor for the
ategory of bornologial vetor spaes. Thus Bor = Mod(C).
Any morphism f : M → N in Mod(A) has both a kernel and a okernel. The
kernel is simply the usual vetor spae kernel equipped with the subspae bornology.
The okernel is the quotient N/f(M), where the losure of f(M) is the smallest
subspae of N that ontains f(M) and has the property that any sequene in f(M)
that onverges in N has its limit point again in f(M). It is an important fat that
this quotient is again a omplete onvex bornologial vetor spae (see [9℄). We
also have anonial bornologies on diret sums and produts. These full the usual
ategorial requirements for oproduts and produts. As a result, the ategory
Mod(A) is omplete and oomplete, that is, any diagram in Mod(A) has both a
diret and an inverse limit. It is also lear that Mod(A) is an additive ategory.
2.3. Adjoint assoiativity. If M,N ∈O Mod(A), we let HomA(M,N) be the
spae of bounded A-module homomorphisms with the equibounded bornology.
Thus HomA(M,N) is a bornologial subspae of Hom(M,N). If M ∈O Mod(A
op),
N ∈O Mod(A), we dene the A-balaned projetive tensor produt M ⊗ˆA N as the
okernel of the bounded linear map
M ⊗ˆA ⊗ˆN →M ⊗ˆN, m⊗ a⊗ n 7→ m · a⊗ n−m⊗ a · n.
That is, we divide by the losure of the range of this map. Thus M ⊗ˆA N is a
omplete onvex bornologial vetor spae.
Now let A,B,C be unital bornologial algebras. If M ∈O Mod(A ⊗ˆ B
op) and
N ∈O Mod(A ⊗ˆ C
op), then HomA(M,N) arries a anonial B,C-bimodule stru-
ture by b · f · c(m) := f(m · b) · c for all b ∈ B, c ∈ C, m ∈ M , f ∈ HomA(M,N).
Thus we get a bifuntor
HomA : Mod(A ⊗ˆB
op)op ×Mod(A ⊗ˆ Cop)→ Mod(B ⊗ˆ Cop).
If M ∈O Mod(B ⊗ˆA
op) and N ∈O Mod(A ⊗ˆC
op), then M ⊗ˆAN arries a anonial
B,C-bimodule struture by b · (m ⊗ n) · c := (b ·m) ⊗ (n · c) for all b ∈ B, c ∈ C,
m ∈M , n ∈ N . Thus we get a bifuntor
⊗ˆA : Mod(B ⊗ˆA
op)×Mod(A ⊗ˆ Cop)→ Mod(B ⊗ˆ Cop).
Adjoint assoiativity (5) generalises to natural bornologial isomorphisms
(5)
HomB,C(M ⊗ˆA N,X) ∼= HomA,C(N,HomB(M,X))
∼= HomB,A(M,HomC(N,X))
for M ∈O Mod(B ⊗ˆ A
op), N ∈O Mod(A ⊗ˆ C
op), X ∈O Mod(B ⊗ˆ C
op). The
proof of (5) identies all three spaes with the spae of bounded bilinear maps
f : M ×N → X that satisfy f(b ·m ·a, n · c) = b ·f(m, a ·n) · c for all b ∈ B, m ∈M ,
a ∈ A, n ∈ N , c ∈ C. Equations (2) and (4) imply
(6)
HomA
(⊕
i
Mi,
∏
j
Nj
)
∼=
∏
i,j
HomA(Mi, Nj),
(⊕
i
Mi
)
⊗ˆA
(⊕
j
Nj
)
∼=
⊕
i,j
Mi ⊗ˆA Nj .
2.4. Exat ategory struture. In order to do homologial algebra we need ex-
tensions. There is a maximal lass of possible extensions in any additive ategory:
a diagramK
i
→ E
p
→ Q with p◦i = 0 is alled an extension if i is a kernel of p and p
is a okernel of i. In our ase, this simply means that the maps K → i(K) and
E/i(K)→ Q are bornologial isomorphisms with respet to the subspae bornology
on i(K) and the quotient bornology on E/i(K). The notion of an exat ategory
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formalises the properties that a lass of extensions should have. One an show
that Mod(A) with the lass of all extensions as dened above is an exat ategory.
However, in most appliations and, in partiular, in this artile, we use a muh
smaller lass of extensions. An extension is alled linearly split if there exists a
bounded linear map s : Q → E suh that ps = idQ. Equivalently, the forgetful
funtor Mod(A) → Bor maps K ֌ E ։ Q to a diret sum extension in Bor. We
always hoose this lass of extensions in the following.
Proposition 1. The additive ategory Mod(A) with the lass of linearly split ex-
tensions is an exat ategory in the sense of Daniel Quillen. Moreover, Mod(A) is
omplete and oomplete.
Proof. It is straightforward to verify that Mod(A) satises the axioms for an exat
ategory in [11,12℄. Completeness and oompleteness mean that there are arbitrary
diret and inverse limits. This follows from the existene of kernels, okernels, diret
sums, and diret produts. 
Although trivial, Proposition 1 is important beause many denitions and theo-
rems that are familiar from Abelian ategories still work in omplete and oomplete
exat ategories.
We use the following notation from [11℄. The speial extensions K
i
→ E
p
→ Q
that are part of the exat ategory struture are alled onations ; the maps i in
onations are alled inations, the maps p in onations are alled deations. In
Mod(A), onations are linearly split extensions, inations are linearly split born-
ologial embeddings, and deations are linearly split bornologial quotient maps.
Choosing a smaller lass of extensions orresponds to doing relative homologial
algebra. In our ase, we work relative to the forgetful funtor Mod(A) → Bor,
that is, we do homologial algebra relative to the pure analysis that ours in the
ategory Bor. This explains why the bornology reates no problems in the following
algebrai onstrutions.
2.5. Free and ofree modules. There is a natural isomorphism
(7) HomA(A,M) ∼=M, f 7→ f(1),
for any left or right bornologial A-moduleM . Together with (5) this yields natural
bornologial isomorphisms
A ⊗ˆAM ∼=M,(8)
N ⊗ˆA A ∼= N,(9)
HomA(A ⊗ˆ V,M) ∼= Hom(V,M),(10)
HomA(M,Hom(A, V )) ∼= Hom(M,V )(11)
for anyM ∈O Mod(A), N ∈O Mod(A
op), V ∈O Bor. Of ourse, it is easy enough to
prove (8)(11) diretly. We all modules of the form A ⊗ˆ V free, those of the form
Hom(A, V ) ofree. Equations (10)(11) mean that the onstrutions of free and
ofree modules are left and right adjoints of the forgetful funtor Mod(A)→ Bor.
Lemma 2. Let K ֌ E ։ Q be a onation in Mod(A), let F be a free module
and C a ofree module. Then
0→ HomA(F,K)→ HomA(F,E)→ HomA(F,Q)→ 0,
0→ HomA(Q,C)→ HomA(E,C)→ HomA(K,C)→ 0
are onations in Bor and a fortiori exat sequenes of vetor spaes.
Proof. The assertion follows immediately from (10) and (11). 
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An objet P of an exat ategory C is alled projetive if the ovariant funtor
HomC(P, xy) is exat on onations, injetive if the ontravariant funtorHomC(xy, I)
is exat on onations. Thus Lemma 2 implies that free modules are projetive and
ofree modules are injetive in Mod(A). We say that an exat ategory has enough
projetives if any objet X admits a deation P → X with projetive P . Dually, it
has enough injetives if any objet X admits an ination X → I with injetive I.
Proposition 3. The exat ategory Mod(A) has enough projetives and injetives.
Proof. The map A ⊗ˆM
p
→ M , a ⊗ m 7→ a · m, is a deation beause it has the
bounded linear setion m 7→ 1 ⊗ m. Its soure is free and hene projetive by
Lemma 2. Thus Mod(A) has enough projetives. The map M
i
→ Hom(A,M),
i(m)(a) := a ·m, is an ination beause it has the bounded linear setion f 7→ f(1).
Its range is ofree and hene injetive by Lemma 2. 
3. Derived ategories of bornologial modules
3.1. Chain omplexes of bornologial modules. A hain omplex overMod(A)
is given by M = (Mm, δ
M
m )m∈Z, where the Mm are bornologial left A-modules and
the boundary maps δMm : Mm →Mm−1 are bounded left A-module homomorphisms
satisfying δMm ◦ δ
M
m+1 = 0 for all m ∈ Z. We do not require hain omplexes to
be bounded below or above. This has the advantage that the ategory of hain
omplexes is still omplete and oomplete.
We an also extend the funtors HomA and ⊗ˆA to the level of hain omplexes.
Let M = (Mm, δ
M
m )m∈Z and N = (Nm, δ
N
m))m∈Z be two hain omplexes over
Mod(A). Let
HomA(M,N)n :=
∏
j∈Z
HomA(Mj , Nn+j).
Together with the boundary maps δ(f) = δN ◦ f + (−1)|f |f ◦ δM , where |f | is the
degree of f , this denes a hain omplex of bornologial vetor spaes. Let M
and N be hain omplexes over Mod(Aop) and Mod(A), respetively. Then
(M ⊗ˆA N)n :=
⊕
p+q=n
Mp ⊗ˆA Nq
with boundary map δ = δM ⊗ˆA id ± id ⊗ˆA δ
N
with appropriate signs denes a
hain omplex M ⊗ˆA N over Bor. If M and N are hain omplexes of bornologial
A,B-bimodules and A,C-bimodules, respetively, then HomA(M,N) is a hain
omplex of bornologial B,C-bimodules in a anonial way. If M and N are hain
omplexes of bornologial B,A-bimodules and A,C-bimodules, respetively, then
M ⊗ˆA N beomes a hain omplex of bornologial B,C-bimodules. There are
natural isomorphisms of bornologial hain omplexes
(12)
HomB,C(M ⊗ˆA N,X) ∼= HomA,C(N,HomB(M,X))
∼= HomB,A(M,HomC(N,X))
if M , N , and X are hain omplexes over Mod(B ⊗ˆ Aop), Mod(A ⊗ˆ Cop), and
Mod(B ⊗ˆ Cop), respetively. This follows easily from the orresponding assertion
for modules in (5) and (6). Of ourse, (6) remains valid for hain omplexes.
3.2. The homotopy ategory of hain omplexes. We let Ho(A) be the at-
egory whose objets are the hain omplexes over Mod(A) and whose morphisms
are given by HoA(M,N) := H0(HomA(M,N)). That is, HoA(M,N) is the spae
of homotopy lasses of hain maps, where hain maps and homotopies are required
to be bounded and A-linear. This is the homotopy ategory of hain omplexes
over Mod(A). The homotopy ategory Ho(C) an be onstruted over any additive
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ategory C. It is well-known that Ho(C) is a triangulated ategory if C is Abel-
ian. In fat, the axioms of a triangulated ategory were introdued by Jean-Louis
Verdier with the purpose of formalising some properties of Ho(C) that are needed
to onstrut derived ategories. We briey reall the denition of the translation
automorphism and the lass of exat triangles in Ho(C).
The translation automorphism Σ: Ho(C) → Ho(C) is dened by (ΣM)m :=
Mm−1, δ
ΣM
m = −δ
M
m−1, and (Σf)m = fm−1 for a hain map f : M → N . The map-
ping one cone(f) of a hain map f : M → N is dened by cone(f)m := (N⊕ΣM)m
with boundary map
δcone(f) =
(
δN f
0 δΣM
)
By onstrution, it ts into an extension of hain omplexes N → cone(f)→ ΣM ,
whih splits if we disregard the boundary map. The resulting sequene of maps
M
f
→ N → cone(f)→ ΣM
is alled a mapping one triangle. A morphism of triangles is a triple of maps
(µ, ν, γ) giving rise to a ommuting diagram
M //
µ

N //
ν

C //
γ

ΣM
Σµ

M ′ // N ′ // C′ // ΣM ′.
This morphism is an isomorphism if µ, ν, and γ are invertible. A triangle in Ho(C)
is alled exat if it is isomorphi to a mapping one triangle.
A triangulated ategory is an additive ategory together with a translation au-
tomorphism and a lass of exat triangles satisfying some axioms (see [23,28℄). The
axioms of a triangulated ategory were invented to hold if C is an Abelian ategory.
Sine all the denitions above only need C to be additive, it is not surprising that
the axioms still hold if C is just an additive ategory. This is routine to verify. A
detailed aount an be found in [24℄. Readers with some bakground in operator
algebra K-theory may also prot from reading the relevant setions in [20℄.
Proposition 4. The ategory Ho(A) is a triangulated ategory in whih every set
of objets has a diret sum and a diret produt.
Proof. We have explained above why Ho(A) is a triangulated ategory. Diret sums
and produts are easy to get: simply onstrut them in eah degree separately and
hek that this has the required universal property. 
Let F : Mod(A)→ Mod(B) be an additive funtor, where B is another bornolog-
ial unital algebra. Applying F to eah entry of a hain omplex, we get a funtor
F : Ho(A) → Ho(B). It is triangulated beause it ommutes with the translation
automorphism and the mapping one onstrution.
Let Ho := Ho(Bor) be the homotopy ategory of bornologial hain omplexes.
Reall that
op
denotes opposite ategories and algebras.
Lemma 5. The bifuntors
HomA : Ho(A ⊗ˆB
op)op × Ho(A ⊗ˆ Cop)→ Ho(B ⊗ˆ Cop),
⊗ˆA : Ho(B ⊗ˆA
op)× Ho(A ⊗ˆ Cop)→ Ho(B ⊗ˆ Cop)
are triangulated funtors in both variables and satisfy
HomA(
⊕
i
Mi,
∏
j
Nj) ∼=
∏
i,j
HomA(Mi, Nj),
⊕
i
Mi ⊗ˆA
⊕
j
Nj ∼=
⊕
i,j
Mi ⊗ˆA Nj .
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Proof. It is easy to see that HomA(M,N) and M ⊗ˆA N are funtorial for bounded
A-linear hain maps and homotopies in eah variable. If we x one variable, then
the resulting one variable funtor HomA or ⊗ˆA ommutes with the translation
automorphisms and the mapping one onstrution. Therefore, it is triangulated.
The last assertion is obvious. 
The following result is inspired by ideas of Marel Bökstedt and Amnon Nee-
man [1℄. It allows us to redue assertions about hain omplexes to assertions about
modules. As usual, we embed Mod(A) ⊆ Ho(A) by sending a module to a hain
omplex onentrated in degree 0. This is a fully faithful embedding.
Proposition 6. Let T ⊆ Ho(A) be a triangulated subategory that ontains Mod(A).
If T is losed under diret sums or under diret produts, then T = Ho(A).
We may say, therefore, that Ho(A) is generated and ogenerated by the sub-
ategory Mod(A). More generally, if C is any additive ategory, we may embed
C → Ho(C) as above. Let T ⊆ Ho(C) be a triangulated subategory that on-
tains C. The following proof still works in this more general situation. We get
T = Ho(C) if T is losed under ountable diret sums and C has kernels and ount-
able diret sums or, dually, if T is losed under ountable diret produts and C
has quotients and ountable diret produts.
Proof. First we prove that T ontains all bounded hain omplexes. We do this
by indution on the length of the hain omplex. Chain omplexes of length 1 are
all obtained by applying a power of the translation automorphism to a omplex
onentrated in degree 0. Hene T ontains all omplexes of length 1. Consider
some hain omplex M of length n, say, Mm+n−1 → · · · →Mm. There is an exat
triangle involving M , the trunated omplex Mm+n−1 → · · · → Mm+1, and Mm
viewed as a omplex onentrated in degree m. The last two belong to T by the
indution hypothesis. Sine T is triangulated, M belongs to T as well. Thus T
ontains all bounded hain omplexes.
It remains to extend this to unbounded hain omplexes. Here we need the
hypothesis on diret sums or produts. Suppose rst that T is losed under di-
ret sums. Let M = (Mn, δn) be a possibly unbounded hain omplex in Ho(A).
Trunating it, we obtain an indutive system of subomplexes (FnM) of the form
0→Mn →Mn−1 → · · · →M−n+1 → ker δ−n → 0.
Evidently, the original omplex M is the diret limit of these subomplexes. Even
more, the map
⊕
FnM →M has an evident bounded linear setion. This implies
that M is also equal to the homotopy diret limit of the indutive system (FnM).
That is, it ts into an exat triangle ΣM →
⊕
FnM →
⊕
FnM → M . Sine
FnM is bounded for all n ∈ N, we already know FnM ∈ T. If T is triangulated
and losed under diret sums, we obtain M ∈ T as well.
A dual argument works if T is losed under produts. Now we onsider a pro-
jetive system of quotient omplexes (FnM) of M of the form
0→ coker δn+1 →Mn−1 → · · · →M−n → 0.
The original omplex M is the inverse limit of these quotient omplexes. Sine the
map M →
∏
FnM has an evident bounded linear setion, M is also a homotopy
inverse limit of (FnM). Now proeed as above. 
3.3. Exat hain omplexes. Let C be an exat ategory, for instane, Mod(A).
A hain omplex (M, δ) over C is exat in degree m if ker(δm : Mm → Mm−1)
exists and δm+1 : Mm+1 → ker δm is a deation (see [12℄). Equivalently, ker δm
and ker δm+1 exist and ker δm+1
⊆
−→ Mm+1
δm+1
−→ ker δm is a onation. A hain
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omplex is alled exat if it is exat in degree m for all m ∈ Z. A morphism
f : M → N is alled a quasi-isomorphism if its mapping one is exat in the above
sense. In the ase of Ho(A), a hain omplex of bornologial left A-modules is exat
in degree m if and only if there exists a bounded, linear, not neessarily A-linear
map σ : ker δm → Mm+1 with δm+1σ = id. It is exat if and only if there is a
bounded linear ontrating homotopy. A hain map is a quasi-isomorphism if and
only if the forgetful funtor maps it to an isomorphism in Ho.
Proposition 7. The subategory of exat hain omplexes Exact(A) ⊆ Ho(A) is a
thik, triangulated subategory that is losed under diret sums and produts.
Proof. This is proved in great generality in [22℄. The only hypothesis needed for
Exact(C) ⊆ Ho(C) to be thik and triangulated is that idempotent morphisms in C
should split, that is, have a kernel and a range objet. The assertion about diret
sums and produts follows easily if the lass of onations is losed under diret
sums and produts. 
We all M ∈O Ho(A) projetive if HoA(M,N) ∼= 0 for all exat hain om-
plexes N (see [12℄). The projetives form a triangulated subategory of Ho(A)
that is losed under diret sums. A projetive approximation of M ∈O Ho(A) is a
quasi-isomorphism f : P →M with projetive P .
Proposition 8. Let C be an exat ategory with split idempotents. Projetive ap-
proximations in Ho(C) are unique up to isomorphism if they exist. The subate-
gory T ⊆ Ho(C) of objets that admit a projetive approximation is triangulated,
and the onstrution of projetive approximations denes a triangulated funtor
P : T→ Ho(C). The same assertions hold for injetive approximations.
Proof. This is well-known. See [20, Proposition 2.4℄ for a quik proof from the
axioms of a triangulated ategory. There it is assumed that T = Ho(C). It is easy
to see that we still get the assertions above without this requirement. 
Proposition 9. The ategory Ho(A) has enough projetives and injetives.
There are triangulated funtors P, I : Ho(C) → Ho(C) and natural transforma-
tions P (M) → M → I(M) suh that P (M) → M is a projetive approximation
and M → I(M) is an injetive approximation for eah M ∈O Ho(A). The proje-
tive approximation funtor ommutes with diret sums, the injetive approximation
funtor ommutes with diret produts.
Proof. We only prove the existene of projetive approximations. The injetive
ase is similar. Let T ⊆ Ho(A) be the subategory of objets that have a pro-
jetive approximation. It is evidently losed under diret sums and under the
translation automorphism, and it is triangulated by Proposition 8. Proposition 6
yields that T = Ho(A) one T ontains Mod(A). Therefore, it sues to onstrut
projetive approximations for objets of Mod(A). Using that Mod(A) has enough
projetives (Proposition 3), we onstrut a projetive resolution P• →M for any
M ∈O Mod(A). Viewed as a hain map P• → M , this is a quasi-isomorphism
beause it is a resolution. It is easy to see that a bounded below hain omplex
of projetive modules is projetive. It follows from Proposition 8 that the on-
strution is funtorial and denes a triangulated funtor. It learly ommutes with
diret sums. 
3.4. The derived ategory. The derived ategory of Mod(A) is dened as the
loalisation of Ho(A) at the subategory Exact(A) of exat hain omplexes. Sine
there are enough projetives and injetives, this loalisation is easy to desribe
expliitly. It has the same objets as Ho(A) and morphisms
DerA(M,N) ∼= HoA(P (M), N) ∼= HoA(P (M), I(N)) ∼= HoA(M, I(N)).
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Here P and I are the projetive and injetive approximation funtors. The proje-
tive and injetive approximation funtors on Ho(A) desend to triangulated funtors
P, I : Der(A) → Ho(A). Their ranges are the subategories of projetives and in-
jetives, respetively. These subategories of Ho(A) are equivalent to Der(A) as
triangulated ategories (see [20, Proposition 2.4℄).
Proposition 10. Let T ⊆ Der(A) be a triangulated subategory. Then T = Ho(A)
provided T ontains all free modules and is losed under diret sums or T ontains
all ofree modules and is losed under diret produts.
Proof. Suppose that T ontains free modules and is losed under diret sums. The
other ase is proved dually. As in the proof of Proposition 6, one shows that T
ontains all bounded below hain omplexes of free modules. The freeness of the
entries of the hain omplex is not aeted by our trunations beause we only have
to trunate above. Hene T ontains a free resolution for anyM ∈O Mod(A). Sine
this free resolution beomes isomorphi to M in Der(A), we get Mod(A) ⊆ T. Now
the assertion follows from Proposition 6. 
Let F : Ho(A) → Ho(B) be a ovariant or ontravariant triangulated funtor.
We may get suh funtors by extending an additive funtor Mod(A) → Mod(B).
Applying F to projetive or injetive approximations, we get the left and right
(total) derived funtors of F , whih are denoted LF and RF . By onvention,
LF (M) := F ◦ P (M) and RF (M) := F ◦ I(M) if F is ovariant, and LF (M) :=
F ◦ I(M) and RF (M) := F ◦ P (M) if F is ontravariant. The natural maps
P (M)→M → I(M) indue natural transformations LF (M)→ F (M)→ RF (M)
in both ases. By onstrution, the funtors LF and RF desend to triangulated
funtors LF,RF : Der(A)→ Ho(B).
Proposition 11. Let F : Mod(A) → Mod(B) be a funtor that ommutes with
diret sums and preserves projetives. Then the extended funtor F : Ho(A) →
Ho(B) also preserves projetives.
Let F : Mod(A)→ Mod(B) be a funtor that ommutes with diret produts and
preserves injetives. Then the extended funtor F : Ho(A)→ Ho(B) also preserves
injetives.
Proof. The subategory of projetives M ∈O Ho(A) for whih F (M) is again pro-
jetive is a triangulated subategory losed under diret sums. By hypothesis, it
ontains all projetive modules. As in the proof of Proposition 10, this implies that
it ontains all projetive hain omplexes. The proof for injetives is dual. 
3.5. Derived adjoint assoiativity. We now derive the bifuntors HomA(M,N)
and M ⊗ˆA N of Lemma 5.
Lemma 12. For any M,N ∈O Ho(A), the natural maps
HomA(P (M), N)→ HomA(P (M), I(N))← HomA(M, I(N))
are hain homotopy equivalenes, that is, isomorphisms in Ho. Similarly,
P (M) ⊗ˆA N ∼= P (M) ⊗ˆA P (N) ∼=M ⊗ˆA P (N)
in Ho for all M ∈O Ho(A
op), N ∈O Ho(A).
Proof. We only prove that the map HomA(P (M), N) → HomA(P (M), I(N)) is a
hain homotopy equivalene. The other ases are similar. Let F be a free born-
ologial left A-module and let E ∈O Ho(A) be exat. Then the hain omplex
HomA(F,E) has a bounded ontrating homotopy by Lemma 2. An exat sequene
argument shows that the map HomA(F,N) → HomA(F, I(N)) is an isomorphism
in Ho beause the mapping one of N → I(N) is exat and the funtor HomA(F, xy)
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is triangulated. Thus the assertion holds if M is a free module. Let T be the lass
of objets M for whih the assertion holds for all N ∈O Ho(A). Sine our assertion
only depends on P (M), we may view this as a subategory of Der(A). It is tri-
angulated and losed under diret sums by the properties of P and HomA(xy, N).
Hene the assertion follows from Proposition 10 and the speial ase of free modules
treated above. 
Therefore, we may dene ovariant bifuntors
RHomA : Der(A ⊗ˆB
op)op × Der(A ⊗ˆ Cop)→ Ho(B ⊗ˆ Cop)։ Der(B ⊗ˆ Cop),
⊗ˆ
L
A : Der(B ⊗ˆA
op)× Der(A ⊗ˆ Cop)→ Ho(B ⊗ˆ Cop)։ Der(B ⊗ˆ Cop)
by
RHomA(M,N) := HomA(P (M), N) ∼= HomA(P (M), I(N)) ∼= HomA(M, I(N)),
M ⊗ˆ
L
A N := P (M) ⊗ˆA N
∼= P (M) ⊗ˆA P (N) ∼=M ⊗ˆA P (N).
They are triangulated in eah variable and still satisfy the assertions about diret
sums and produts in Lemma 5. They also satisfy adjoint assoiativity, that is,
there are natural isomorphisms (in Ho)
(13)
RHomB,C(M ⊗ˆ
L
A N,X)
∼= RHomA,C(N,RHomB(M,X))
∼= RHomB,A(M,RHomC(N,X))
for M ∈O Der(B ⊗ˆA
op), N ∈O Der(A ⊗ˆC
op), X ∈O Der(B ⊗ˆC
op). For the proof,
rewrite these hain omplexes as RHomB,C(P (M) ⊗ˆA P (N), X),
HomA,C(P (N),HomB(P (M), X)), HomB,A(P (M),HomC(P (N), X))
with projetive approximations P (M) → M and P (N) → N in Ho(B ⊗ˆ Aop) and
Ho(A⊗ˆCop), respetively. Thus (13) follows from (12) provided P (M)⊗ˆAP (N) ∈O
Ho(B ⊗ˆ Cop) is projetive. This is evident for free modules and follows in general
from a by now familiar abstrat nonsense argument involving Proposition 10.
3.6. Extension theory. Compose the embedding Mod(A) → Ho(A) with the
anonial funtor Ho(A)→ Der(A) to get a funtor Mod(A)→ Der(A). This fun-
tor is still fully faithful beause DerA(M,N) = HomA(P (M), N) ∼= HomA(M,N)
if N is a hain omplex onentrated in degree 0. The spaes
ExtnA(M,N) := DerA(M,Σ
nN)
are of speial importane. They learly vanish if n < 0. These extension groups
retain all the well-known properties in the ase of Abelian ategories. Namely,
if K ֌ E ։ Q is a onation in Mod(A), then there are assoiated long exat
sequenes in ExtnA in both variables. There is an assoiative up produt
ExtnA(M,N)× Ext
m
A (L,M)
∼=
→ DerA(Σ
mM,Σn+mN)× DerA(L,Σ
mM)
→ DerA(L,Σ
m+nN)
∼=
→ Extm+nA (L,N)
for all L,M,N ∈O Mod(A), n,m ∈ N.
There is an alternative desription of ExtnA(M,N) by equivalene lasses of n-step
onations of M by N as in lassial Yoneda theory. In partiular, Ext1A(M,N) is
the spae of all isomorphism lasses of onations N ֌ E ։ M , where isomor-
phism means that there is an isomorphism E ∼= E′ that indues the identity maps
on N and M . All this holds in any exat ategory with split idempotents. It is
easy to prove for Mod(A) beause there are enough projetives and injetives.
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4. Quasi-unital algebras and essential modules
In this setion we treat bornologial algebras that do not neessarily possess a
unit element. We let A+ be the bornologial algebra that we get by adjoining a
new unit element to A. Thus A+ := A ⊕ C · 1 as a bornologial vetor spae.
If A → End(M) denes a (possibly non-unital) module over A, then the unique
unital extension A+ → End(M) denes a unital module over A+. As a result, the
ategory of non-unital left bornologial A-modules is isomorphi to Mod(A+). If we
dene HomA and ⊗ˆA in the obvious fashion, then HomA(M,N) = HomA+(M,N)
and M ⊗ˆA N = M ⊗ˆA+ N . Hene all the onstrutions of the previous setions
apply to ategories of non-unital modules without any hange. The only point
where we have to be areful is that the free and ofree modules are now A+ ⊗ˆX
and Hom(A+, X). In general, A is not projetive as a left or right A-module.
It is often desirable to work with a subategory of essential modules Mod(A) ⊆
Mod(A+). For instane, let G be a loally ompat group and let D(G) be the
onvolution algebra of smooth, ompatly supported funtions on G. The ategory
Mod(D(G)) is identied in [17℄ with the ategory of smooth representations of G
on bornologial vetor spaes. In this setion, we desribe in general under what
assumptions on A a ategory of essential modules an be dened, and we disuss
some onstrutions with essential modules. The main ideas for this are already
ontained in [17℄. Then we introdue morphisms between quasi-unital algebras and
study the funtors on module ategories and derived ategories they indue.
4.1. Basi denitions.
Denition 13 ([17℄). A bornologial algebra A has an approximate identity if for
any bounded subset S ⊆ A there is a sequene (un) in A suh that the sequenes
un · x and x · un onverge to x uniformly for x ∈ S. This means that the sequenes
onvergene uniformly in the usual sense in the Banah spae AT for some omplete
bounded disk T ⊆ A depending only on S.
Denition 14. A bornologial algebra A is alled quasi-unital if it has an approx-
imate identity and if A is projetive both as a left and a right A-module.
Projetivity means that there exist a bounded left A-module homomorphism
l : A → A+ ⊗ˆ A and a bounded right A-module homomorphism r : A → A ⊗ˆ A+
that are setions for the multipliation maps. Sine any element a ∈ A an be
written as limun · a for some approximate unit (un), we have l(a) = limun · l(a).
Therefore, the range of l is ontained in A ⊗ˆ A ⊆ A+ ⊗ˆ A. The same argument
shows that r maps into A ⊗ˆA.
Lemma 15 ([17, Lemma 4.4℄). Let A be a quasi-unital algebra and let M be a
bornologial left A-module. Then the natural map A ⊗ˆA M → A
+ ⊗ˆA M ∼= M is
always injetive.
The following proposition is related to [17, Proposition 4.7℄.
Proposition 16. Let A be a quasi-unital algebra, let M be a bornologial left
A-module, and dene µ : A ⊗ˆM → M by µ(a ⊗ m) := am. Then the following
onditions are equivalent:
16.1. µ : A ⊗ˆM →M is a bornologial quotient map;
16.2. µ : A ⊗ˆM →M has a bounded linear setion;
16.3. the map µ∗ : A ⊗ˆA M →M indued by µ is a bornologial isomorphism.
Proof. Sine µ(a1a2⊗m) = µ(a1⊗a2m), it indues a map µ∗ : A⊗ˆAM →M , whih
is injetive by Lemma 15. Hene it is a bornologial isomorphism if and only if it
is a bornologial quotient map. This is equivalent to µ itself being a bornologial
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quotient map beause A ⊗ˆM → A ⊗ˆAM is a bornologial quotient map. Thus 16.1
and 16.3 are equivalent. Trivially, 16.2 implies 16.1. Conversely, the right module
map r : A→ A ⊗ˆA indues a map
r′ : A ⊗ˆAM
r⊗ˆAid−→ A ⊗ˆA ⊗ˆA M
idA⊗ˆµ∗
−→ A ⊗ˆM
suh that µ ◦ r′ = µ∗. Hene 16.3 implies 16.2. 
Denition 17. We all a module M over a quasi-unital algebra essential if it
satises the equivalent onditions of Proposition 16. We let Mod(A) ⊆ Mod(A+)
be the full subategory of essential modules.
Example 18. Unital algebras are quasi-unital. The unit is an approximate identity,
and we an take r(a) = 1 ⊗ a and l(a) := a ⊗ 1. An A-module is essential if and
only if it is unital. Thus our notation is ompatible with our previous denitions
for unital algebras.
Example 19. Let M be a smooth manifold and let D(M) be the algebra of smooth
funtions on M with ompat support and with the pointwise multipliation. This
algebra is quasi-unital. There is a sequene (φn)n∈N in D(M) with
∑
φ2n = 1. Then
un :=
∑
m≤n φ
2
m is an approximate identity in D(M) and we an take
r(a) :=
∑
n∈N
φn ⊗ φna, l(a) :=
∑
n∈N
aφn ⊗ φn.
A D(M)-module M is essential if and only if for any bounded subset S ⊆M there
is n ∈ N with un ·m = m for all m ∈ S.
Example 20. The onvolution algebra D(G) for a loally ompat group G is quasi-
unital. The ategory Mod(D(G)) is isomorphi to the ategory of smooth represen-
tations of G on bornologial vetor spaes ([17℄).
4.2. Smoothening and roughening funtors.
Denition 21. Let A be a quasi-unital algebra. The smoothening funtor and the
roughening funtor for A are dened by
Ess = EssA : Mod(A
+)→ Mod(A+), M 7→ A ⊗ˆAM,
Rgh = RghA : Mod(A
+)→ Mod(A+), M 7→ HomA(A,M).
Theorem 22. The funtor Ess is an idempotent funtor from Mod(A+) onto the
full subategory Mod(A). We have a natural bornologial isomorphism
HomA(M,EssN) ∼= HomA(M,N) ∀M ∈O Mod(A), N ∈O Mod(A
+).
As a onsequene, Ess: Mod(A+) → Mod(A) is right adjoint to the embedding
funtor Mod(A)→ Mod(A+).
When viewed as funtors on Mod(A+), the funtors Ess and Rgh satisfy
Ess2 ∼= Ess, Rgh2 ∼= Rgh, Ess ◦Rgh ∼= Ess, Rgh ◦Ess ∼= Rgh .
There is a natural isomorphism
HomA(Ess(M), N) ∼= HomA(M,Rgh(N))
for all M,N ∈O Mod(A
+), so that Ess is left adjoint to Rgh.
Proof. The multipliation map A⊗ˆA→ A has a bounded linear setion beause A is
quasi-unital. Hene A⊗ˆAA ∼= A by Proposition 16. Sine the balaned tensor prod-
ut is assoiative, this means that Ess is idempotent. By denition, Ess(M) ∼= M
if and only if M is essential. Thus Ess is a projetion from Mod(A+) onto Mod(A).
The map Ess(N)→ N is bounded and injetive for all N by Lemma 15. Therefore,
the indued map HomA(M,Ess(N)) → HomA(M,N) is bounded and injetive as
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well. If M is essential, then the natural map Ess(M) → M is a bornologial iso-
morphism. Sine smoothening is funtorial, any map M → N restrits to a map
M ∼= Ess(M)→ Ess(N). This provides a bounded setion for the bounded injetive
map above, so that HomA(M,Ess(N)) ∼= HomA(M,N).
Adjoint assoiativity (5) implies HomA(Ess(M), N) ∼= HomA(M,Rgh(N)) for all
M,N ∈O Mod(A
+). We already observed above that Ess2 ∼= Ess. By adjointness,
this implies Rgh2 ∼= Rgh. Adjointness assertions also yield
HomA(M,RghEssN) ∼= HomA(EssM,EssN)
∼= HomA(EssM,N) ∼= HomA(M,RghN)
for all M,N ∈O Mod(A
+). Hene RghEss ∼= Rgh. Finally, If M ∈O Mod(A),
N ∈O Mod(A
+), then
HomA(M,EssRghN) ∼= HomA(M,RghN) ∼= HomA(EssM,N)
∼= HomA(M,N) ∼= HomA(M,EssN).
Sine both EssRghN and EssN belong toMod(A), this implies EssRgh ∼= Ess. 
Corollary 23. The smoothening funtor Ess: Mod(A+)→ Mod(A+) is exat and
preserves projetives, and it ommutes with arbitrary diret limits in the ategory
Mod(A+).
Proof. The funtors Rgh and Ess are exat on Mod(A+) beause A is projetive as
a right A-module. Sine the right adjoint Rgh of Ess is exat, Ess maps projetives
in Mod(A+) to projetives in Mod(A+). Furthermore, Ess ommutes with diret
limits in Mod(A+) beause it has a right adjoint. 
Theorem 24. The subategory Mod(A) ⊆ Mod(A+) is exat and hereditary for
subspaes and quotients. That is, if K ֌ E ։ Q is a onation in Mod(A+),
then E is essential if and only if K and Q are both essential.
Proof. Let K ֌ E ։ Q be a onation in Mod(A+). Sine smoothening is exat,
the rows in the ommuting diagram
EssK //

EssE //

EssQ

K // E // Q
are onations. Suppose rst that E is essential. It is easy to see that quotients of
essential modules are again essential. Hene the maps EssE → E and EssQ→ Q
are isomorphisms by Theorem 22. It follows that the map EssK → K is an
isomorphism as well, that is, K is essential. Thus Mod(A) is hereditary for sub-
spaes and quotients. Suppose onversely that K and Q are essential. Then the
maps EssK → K and EssQ → Q are isomorphisms. This implies that the map
EssE → E is an isomorphism by the Five Lemma. Thus E is essential. 
4.3. Derived ategories of essential modules.
Theorem 25. Let A be a quasi-unital bornologial algebra. The ategory Mod(A)
of essential bornologial left A-modules with the lass of linearly split extensions is
a omplete, oomplete exat ategory. It has enough projetives and injetives.
The embedding Mod(A) → Mod(A+) is exat, preserves projetives, and om-
mutes with diret limits and nite inverse limits.
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Proof. The ategory Mod(A) is an exat subategory of Mod(A+) by Theorem 24
(that is, it is losed under extensions) and hene an exat ategory in its own right.
We already know that Mod(A+) is omplete and oomplete. The subategory
Mod(A) is evidently losed under diret sums in Mod(A+). It is also hereditary for
subspaes and quotients by Theorem 24. Therefore, Mod(A) is losed under arbi-
trary diret limits and nite inverse limits. The inverse limit lim
←−
M ∈ Mod(A+) of
a diagramM in Mod(A) need not belong to Mod(A) any more. However, Ess lim
←−
M
has the right universal property for an inverse limit in the subategory Mod(A) by
Theorem 22. Hene Mod(A) is still a omplete, oomplete exat ategory and the
embedding into Mod(A+) ommutes with diret limits and nite inverse limits, but
not neessarily with innite inverse limits.
Sine Mod(A+) has enough projetives and injetives, any M ∈O Mod(A) has a
projetive resolution P ։M and an injetive oresolutionM ֌ I in Mod(A+). By
Corollary 23, EssP ։ M is a projetive resolution in Mod(A). Even more, EssP
is still projetive in Mod(A+). Therefore, Mod(A) has enough projetives and
the embedding into Mod(A+) preserves projetives. Sine Ess is right adjoint to an
exat funtor, it maps injetives inMod(A+) to injetives inMod(A) (however, these
need not be injetive in Mod(A+) any more). Sine Ess is also exat, M ֌ Ess I is
an injetive oresolution ofM inMod(A). HeneMod(A) has enough injetives. 
Let R ⊆ Mod(A+) be the subategory of rough modules. Then Ess: R →
Mod(A) and Rgh: Mod(A)→ R are isomorphisms of exat ategories. Hene there
is no need to study the ategory of rough modules.
We let Ho(A) be the homotopy ategory of unbounded hain omplexes over
Mod(A). Let Exact(A) ⊆ Ho(A) be the subategory of exat hain omplexes and
let Der(A) be the loalisation of Ho(A) at Exact(A). Theorem 25 allows to extend
the assertions about Ho(A) and Der(A) for unital A in Setion 3 to the ase of
quasi-unital A. That is, Ho(A) is still a triangulated ategory with diret sums
and produts, and Exact(A) is a loalising subategory. The ategory Ho(A) has
enough projetives and injetives, and projetive and injetive approximations are
funtorial. Analogues of Propositions 6 and 10 also hold, if we replae free and
ofree modules in the statement of Proposition 10 by the speial projetive and
injetive modules of the form A ⊗ˆX and EssHom(A,X).
Sine we an nd projetive resolutions in the ategory Mod(A+) that lie in the
subategory Mod(A), the natural map Der(A) → Der(A+) is fully faithful. Sine
Ess and Rgh are exat funtors, they give rise to triangulated funtors on Ho(A+)
and Der(A+). All the assertions of Theorem 22 remain valid in these ategories.
We an modify the statement of adjoint assoiativity so that all involved objets
again belong to the appropriate derived ategories of essential modules. One heks
easily that M ⊗ˆA N is an essential B,C-bimodule if M and N are essential B,A-
and A,C-bimodules. This implies the orresponding assertion for hain omplexes
and hene for M ⊗ˆ
L
A N . Using the properties of the smoothening, we easily get
(14)
RHomB,C(M ⊗ˆ
L
A N,X)
∼= RHomA,C(N,EssA⊗ˆCop RHomB(M,X))
∼= RHomB,A(M,EssB⊗ˆAop RHomC(N,X))
for all M ∈O Der(B ⊗ˆA
op), N ∈O Der(A ⊗ˆ C
op), X ∈O Der(B ⊗ˆ C
op).
4.4. Multiplier algebras and Morita equivalene. Let A be a quasi-unital
bornologial algebra. The left and right multiplier algebras Ml(A) andMr(A) are
dened as the algebras of bounded right and left A-module homomorphismsA→ A,
respetively. The multiplier algebra of A is the algebra of pairs (L,R) onsisting of
a left and a right multiplier, suh that a·L(b) = R(a)·b for all a, b ∈ A. It is a losed
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unital subalgebra of Ml(A) ⊕Mr(A)
op
. There is a anonial map A → M(A),
whih is injetive if A is quasi-unital (see also [17℄).
For example, if G is a Lie group, then the multiplier algebra of the onvolution
algebra D(G) is the algebra of ompatly supported distributions on G ([17℄). The
multiplier algebra of D(M) with the pointwise multipliation is E(M), the spae of
smooth funtions onM without support restrition. If A is unital, then A ∼=M(A).
By denition, A is a Ml(A), A-bimodule. Hene Ess(M) := A ⊗ˆA M arries
a anonial Ml(A)-module struture for any M ∈O Mod(A
+). Thus essential
A-modules are at the same time also bornologial unitalMl(A)-modules. Similarly,
essential right A-modules are bornologial unital Mr(A)-modules. Both kinds of
modules are bornologial unital modules over M(A) and M(A)op, respetively.
Thus we get a funtor E : Mod(A)→ Mod(M(A)). We also have a forgetful funtor
F : Mod(M(A)) → Mod(A), M 7→ A ⊗ˆA M . One an show that A ⊗ˆA M ∼=
A ⊗ˆM(A) M .
Proposition 26. The funtor E : Mod(A) → Mod(M(A)) is left adjoint to the
funtor F : Mod(M(A)) → Mod(A). The funtor E is exat, fully faithful, om-
mutes with diret limits, and preserves projetives. The funtor E : Der(A) →
Der(M(A)) obtained from E is also fully faithful.
Proof. It is lear that E is fully faithful. The adjointness of E and F therefore
follows from the universal property of the smoothening. The adjointness of E and F
implies that E preserves projetives and ommutes with diret limits beause F is
exat. Exatness of E is trivial and implies that E gives rise to a funtor Der(A)→
Der(M(A)). The latter is still fully faithful beause E is fully faithful and preserves
projetives. 
The above onstrution is not an equivalene of ategories. For instane, M(A)
itself is not an essential A-module. We have EssM(A) = A beause
EssM(A) ⊆ EssMl(A) = EssRgh(A) = A.
One may wonder whih ategory one should study, unital M(A)-modules or
essential A-modules. I prefer the latter setting. One reason for this is that M(A)
an beome rather unwieldy. This happens, for instane, if A = D(G) for a redutive
group over the adele ring of Q. Moreover, some important Morita equivalenes work
for Mod(A) but not for Mod(M(A)).
LetA and B be quasi-unital bornologial algebras. AMorita equivalene between
A and B is given by essential bimodules P ∈O Mod(A ⊗ˆB
op), Q ∈O Mod(B ⊗ˆA
op)
together with bounded bimodule isomorphisms P ⊗ˆB Q ∼= A, Q ⊗ˆA P ∼= B, suh
that P is projetive as a B-module and Q is projetive as an A-module.
Given suh bimodules, we dene funtors M 7→ P ⊗ˆB M and M 7→ Q ⊗ˆA M
between Mod(A) and Mod(B). By hypothesis, these two funtors are inverse to
eah other. Hene we get an equivalene of ategories Mod(A) ∼= Mod(B). The
projetivity hypothesis on P and Q ensures that these two funtors are exat.
It is oneivable that the projetivity of P and Q holds automatially. I have
not seriously investigated Morita equivalene and present it here only to exhibit a
problem with the ategory Mod(M(A)).
Consider the following rather simple example. Let A = C and let B the Banah
algebra ℓ1(H) of trae lass operators on a separable Hilbert spae H . Equip ℓ1(H)
with the von Neumann bornology. One an hek that the Hilbert spae H viewed
as olumn and row vetors gives a Morita equivalene between C and ℓ1(H) in
the above sense. Hene the ategories Mod(C) and Mod(ℓ1(H)) are equivalent.
The multiplier algebra of ℓ1(H) is the algebra of all bounded operators on H .
Its anonial bornology is equal to the von Neumann bornology oming from the
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usual operator norm. The ompat operators on H form a losed two-sided ideal
in M(ℓ1(H)). Sine the ideal struture is an invariant under Morita equivalene,
M(ℓ1(H)) annot be Morita equivalent to C. Hene the module ategories Mod(C)
and Mod(M(ℓ1(H))) are not equivalent.
4.5. Morphisms between quasi-unital bornologial algebras. Throughout
this setion, we let A and B be quasi-unital bornologial algebras. A bounded homo-
morphism f : A→ B an always be extended to a bounded unital homomorphism
f+ : A+ → B+ and hene indues a funtor f∗ := (f+)∗ : Mod(B+) → Mod(A+).
However, this funtor need not map Mod(B) into Mod(A). A neessary ondition
for this is that f∗(B) ∈ Mod(A), that is, A ⊗ˆA B ∼= B. In the following, we
frequently write B instead of f∗(B) to avoid lutter. We all a bounded homomor-
phism f : A→ B essential if B is an essential A-bimodule, that is,
A ⊗ˆA B ⊗ˆA A ∼= A ⊗ˆA B ∼= B ⊗ˆA B ∼= B.
More generally, we may onsider a bounded algebra homomorphism f : A→M(B).
This still allows us to view B as an A-bimodule. We all f a morphism and write
f : A 99K B if B is an essential A-bimodule. A morphism f : A 99K B is alled proper
if f is a bounded map A→ B. Notie that not all bounded algebra homomorphisms
A → B are proper morphisms in the above sense: we require, in addition, that B
should be an essential A-bimodule.
If A is unital, then a morphism f : A 99K B is the same as a bounded unital
algebra homomorphism A → M(B). Hene morphisms A 99K B are the same as
bounded unital algebra homomorphisms if both A and B are unital.
Lemma 27. Any morphism f : A 99K B extends uniquely to a bounded unital
algebra homomorphism f¯ : M(A)→M(B).
If f : A 99K B and g : B 99K C are morphisms, then g¯ ◦ f : A→M(B)→M(C)
is a morphism A 99K C, denoted g ◦ f . The quasi-unital bornologial algebras form
a ategory with this omposition of morphisms.
Proof. Let f : A→M(B) be a morphism. Sine elements of the form a · b with a ∈
A, b ∈ B, span a dense subspae of B, the extension f¯ is unique if it exists. We an
view B as a unital bimodule over M(A) beause it is an essential A-module. This
denes a bounded unital algebra homomorphism f¯ : M(A)→M(B) extending f .
To hek that g¯ ◦f is a morphism, we must show that C is an essential bimodule
over A. Sine f and g are morphisms, we get
A ⊗ˆA C ⊗ˆA A ∼= A ⊗ˆA (B ⊗ˆB C ⊗ˆB B) ⊗ˆA A
∼= (A ⊗ˆA B) ⊗ˆB C ⊗ˆB (B ⊗ˆA A) ∼= B ⊗ˆB C ⊗ˆB B ∼= C
as desired. It is easy to see that the omposition of morphisms dened above gives
rise to a ategory. 
We get a funtor from the ategory of quasi-unital algebras to the ategory of
unital algebras by sending A 7→ M(A), f 7→ f¯ . This funtor is faithful beause
the anonial map A →M(A) is injetive for algebras with an approximate iden-
tity. However, it is not fully faithful, that is, there are bounded unital algebra
homomorphisms M(A)→M(B) that do not ome from a morphism A 99K B.
The following lemma is useful to hek that an algebra is quasi-unital.
Lemma 28. Let f : A→ B be a bounded homomorphism between two bornologial
algebras. If A is quasi-unital and f∗(B) is an essential A-bimodule, then B is also
quasi-unital and f is a proper morphism A→ B.
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Proof. Let S ⊆ B be bounded. There exist bounded disks SA ⊆ A and SB ⊆ B
suh that S ⊆ f(SA) ·SB ·f(SA) beause the multipliation map A ⊗ˆB ⊗ˆA→ B is
supposed to be a bornologial quotient map. Sine A is quasi-unital, we an nd a
sequene (un) in A that ats as an approximate identity on SA. Then f(un) serves
as an approximate identity on f(SA) · SB · f(SA) and hene also on S. Thus B
has an approximate identity. The right A-module setion r : A → A ⊗ˆ A for the
multipliation map indues a bounded right B-module homomorphism
r∗ : B ∼= A ⊗ˆA B
r
−→ A ⊗ˆA ⊗ˆA B ∼= A ⊗ˆB
f⊗ˆidB
−→ B ⊗ˆB
with µB ◦ r∗ = idB. A left module setion is onstruted similarly. 
4.6. Funtoriality of module ategories and derived ategories. We let
f : A 99K B be a morphism, desribed by a bounded algebra homomorphism
f : A → M(B). We may view B as a B,A-bimodule or as an A,B-bimodule
via f . This yields four additive funtors
f! : Mod(A)→ Mod(B), f!(M) := B ⊗ˆA M,
f∗ : Mod(A)→ Mod(B), f∗(M) := EssB HomA(B,M),
f∗ : Mod(B)→ Mod(A), f∗(M) := B ⊗ˆB M,
f ! : Mod(B)→ Mod(A), f !(M) := EssAHomB(B,M).
By the denition of essential modules, f∗(M) is equal toM viewed as a left A-mod-
ule via A → M(B) → End(M), where the seond map is the unique bounded
extension of the B-module struture B → End(M).
Example 29. Let G be a loally ompat group and let H ⊆ G be a losed subgroup.
Then we get an indued homomorphism D(H) → D(G) by sending f ∈ D(H) to
the multiplier of D(G) assoiated to the ompatly supported distribution ψ 7→∫
ψ(h)f(h) dλH(h) on G, where dλH denotes a left invariant Haar measure on H .
This denes a morphism iGH : D(H) 99K D(G). It is proper if and only if H is an
open subgroup of G. The ategory Mod(D(G)) is isomorphi to the ategory of
smooth representations of G ([17℄). Under this isomorphism, the funtors (iGH)
∗
,
(iGH)∗, and (i
G
H)! orrespond to the restrition funtor, the indution funtor, and
the ompat indution funtor twisted by a relative modular funtion (see [17℄).
The funtor (iGH)
!
is alled rough restrition funtor in [17℄ and does not agree with
any lassial onstrution.
Proposition 30. Let f : A 99K B be a morphism. Then there are natural borno-
logial isomorphisms
HomB(N, f∗(M)) ∼= HomA(f
∗(N),M), HomB(f!(M), N) ∼= HomA(M, f
!(N))
for all M ∈O Mod(A), N ∈O Mod(B). Thus f
∗
is left adjoint to f∗ and f! is left
adjoint to f !.
Proof. Use adjoint assoiativity and the universal property of Ess. 
The following proposition uses the funtor f∗ : Mod(B+) → Mod(A+) indued
by a proper morphism f : A → B. Notie that its restrition to the subategory
Mod(B) agrees with the funtor f∗ dened above.
Proposition 31. Let f : A→ B be a proper morphism. Then the natural maps
EssA(f
∗M) = A ⊗ˆAM → B ⊗ˆB M = f
∗(EssBM),
f∗(RghBM) = HomB(B,M)→ HomA(A, f
∗M) = RghA f
∗(M),
indued by f : A → B are bornologial isomorphisms for all M ∈O Mod(B
+).
Therefore, f ! = f∗.
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Proof. It follows from Lemma 15 that the natural bounded A-module homomor-
phisms EssA f
∗(M) → f∗M and f∗(EssBM) → f
∗M are injetive. We laim
that EssA(f
∗M) and f∗(EssBM) are the same subspae of f
∗M with the same
bornology. We have a bounded inlusion EssA(f
∗M) = A ⊗ˆA M → B ⊗ˆB M =
f∗(EssBM). Sine f
∗(EssBM) is an essential A-module, Theorem 22 yields that
the map f∗(EssBM) → f
∗M fators through EssA f
∗(M). Hene EssA f
∗(M) =
f∗(EssBM) as asserted.
We use this and the general properties of smoothening and roughening funtors
to prove f∗(RghBM)
∼= RghA f
∗(M). We have natural isomorphisms
RghA f
∗(M) ∼= RghA EssA f
∗(M) ∼= RghA f
∗(EssBM)
∼= RghA f
∗(EssB RghBM)
∼= RghA EssA f
∗RghBM
∼= RghA f
∗(RghBM).
Finally, adjoint assoiativity implies
RghA f
∗(RghBM) = HomA(A, f
∗HomB(B,M))
∼= HomB(A ⊗ˆA B,M) ∼= f
∗HomB(B,M) = f
∗(RghBM).
Putting things together, we obtain RghA f
∗(M) ∼= f∗(RghBM) as desired. Hene
f !(M) = EssA f
∗(RghBM)
∼= EssA f
∗(M) ∼= f∗(M) by Theorem 22. 
Evidently, f! and f
∗
ommute with diret limits and f∗ and f
!
ommute with
inverse limits. Moreover, the funtors f ! and f∗ are exat beause B is projetive
as a left or right B-module. Therefore, their adjoint funtors f! and f∗ preserves
projetives and injetives, respetively. This an also be seen diretly from
f!(A ⊗ˆX) ∼= B ⊗ˆX, f∗(EssAHom(A,X)) ∼= EssB Hom(B,X).
The rst assertion is trivial, the seond one follows from adjoint assoiativity.
The same onstrutions dene triangulated funtors
f!, f∗ : Ho(A)→ Ho(B), f
∗, f ! : Ho(B)→ Ho(A).
By exatness, f∗, f ! : Ho(B)→ Ho(A) desend to funtors f∗, f ! : Der(B)→ Der(A).
Of ourse, we still have f∗ = f ! on Der(B) if f is proper. The funtors f! and f∗
need not be exat. As a substitute, we have their derived funtors
L f!,R f∗ : Der(A)→ Der(B).
They are dened by applying f! to a projetive approximation and f∗ to an injetive
approximation, respetively. Thus
L f!(M) = B ⊗ˆ
L
AM, R f∗(M) = EssB
(
RHomA(B,M)
)
.
Theorem 32. For any morphism f : A 99K B there are natural isomorphisms
RHomB(N,R f∗(M)) ∼= RHomA(f
∗(N),M),(15)
RHomB(L f!(M), N) ∼= RHomA(M, f
!(N)),(16)
in Ho. Thus R f∗ is right adjoint to f
∗ : Der(B) → Der(A) and L f! is left adjoint
to f ! : Der(B)→ Der(A).
Proof. Observe rst that the adjointness relations of Proposition 30 extend to the
homotopy ategories of hain omplexes. Let P (M)→M → I(M) be the projetive
and injetive approximation funtors. We have
RHomB(N,R f∗(M)) ∼= RHomB(N, f∗(I(M))) ∼= HomB(N, f∗(I(M)))
∼= HomA(f
∗N, I(M)) ∼= RHomA(f
∗N,M)
beause f∗ preserves injetives. This argument also uses Proposition 11. A similar
omputation, whih uses that f! preserves projetives, yields (16). 
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There are anonial maps
f∗ : RHomB(M,N)→ RHomA(f
∗M, f∗N),(17)
f ! : RHomB(M,N)→ RHomA(f
!M, f !N),(18)
f∗ : RHomA(M,N)→ RHomB(R f∗M,R f∗N),(19)
f! : RHomA(M,N)→ RHomB(L f!M,L f!N)(20)
in Ho. They have the harateristi property that when passing to homology, we
get the ation of the funtors f∗, f !, R f∗, and L f! on the spaes of morphisms in
the derived ategories. There is a natural map
(21) f∗ : f
∗(M) ⊗ˆ
L
A f
∗(N)→M ⊗ˆ
L
B N
as well. The onstrutions are essentially the same in all ases. Let us onstrut f∗.
Choose a projetive approximation P (M)→M and onsider f∗(P (M)) ∈O Ho(A).
Sine f∗ is exat, the map f∗(P (M)) → f∗(M) is a quasi-isomorphism. Hene a
projetive approximation for f∗(P (M)) is a projetive approximation for f∗(M) as
well. Hene we get bounded linear hain maps
RHomB(M,N) ∼= HomB(P (M), N)→ HomA(f
∗P (M), f∗N)
→ RHomA(f
∗P (M), f∗N) ∼= RHomA(f
∗M, f∗N).
The resulting map RHomB(M,N) → RHomA(f
∗M, f∗N) does not depend on
auxiliary hoies and yields a natural transformation between these bifuntors.
Moreover, the onstrution of f∗ is funtorial (up to hain homotopy), that is,
id∗ = id and f∗g∗ = (gf)∗ in Ho.
5. Isoohomologial morphisms
Let A and B be two quasi-unital bornologial algebras and let i : A 99K B be a
morphism. We want to investigate when i∗ : Der(B)→ Der(A) is fully faithful.
Consider rst the funtor i∗ : Mod(B) → Mod(A). Sine i∗M and M have
the same underlying bornologial vetor spae, we get a bornologial embedding
HomA(i
∗M, i∗N) ⊆ HomB(M,N) for all M,N ∈O Mod(B). Equality holds,
for instane, if i is a proper morphism that has dense range in the sense that
i(A) = B. Thus i∗ : Mod(B) → Mod(A) is always faithful, and fully faithful for
proper morphisms with dense range. However, this does not sue to onlude
that i∗ : Der(B)→ Der(A) is fully faithful beause of the following proposition.
Proposition 33. If i∗ : Der(B) → Der(A) is fully faithful, then the subategory
i∗Mod(B) ⊆ Mod(A) is losed under extensions with a bounded linear setion.
Proof. We an desribe Ext1B(M,N) using either morphisms in the derived ategory
or isomorphism lasses of onations. The rst desription yields
Ext1B(M,N)
∼= Ext1A(i
∗M, i∗N) ∀M,N ∈O Mod(B)
if i∗ : Der(B)→ Der(A) is fully faithful. By the seond desription, this means that
any onation M ֌ E ։ N in Mod(A) with M,N ∈O Mod(B) is isomorphi to
one in i∗Mod(B). In partiular, E ∈ i∗Mod(B), as desired. 
Example 34. Consider the Banah onvolution algebras A = S1(Z) and B = ℓ1(Z)
on the group of integers Z, whih are dened by the norms
‖f‖1 :=
∑
n∈Z
|f(n)|(|n|+ 1), ‖f‖0 :=
∑
n∈Z
|f(n)|.
Let i : A → B be the inlusion. We laim that i∗Mod(B) ⊆ Mod(A) is not losed
under extensions. Hene i∗ : Der(B) → Der(A) annot be fully faithful. A similar
ounterexample exists for the embedding C1(S1)→ C(S1).
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Equip C with the trivial representation of Z and the orresponding module stru-
ture over A and B. Consider the representation of Z on C2 by
Z ∋ n 7→
(
1 n
0 1
)
.
This is an extension of the trivial representation by itself. Sine the norm of these
matries grows linearly in n, it denes a module over S1(Z), but not over ℓ1(Z).
Hene it is an element of Ext1A(C,C) that does not belong to Ext
1
B(C,C).
Reall that Ho = Ho(Bor) is the homotopy ategory of hain omplexes over
Bor. The natural transformations i∗ : RHomB(M,N) → RHomA(i
∗M, i∗N) and
i∗ : i
∗M ⊗ˆ
L
A i
∗N →M ⊗ˆ
L
B N used below are onstruted in (17) and (21).
Theorem 35. Let i : A 99K B be a morphism between two quasi-unital algebras.
Let P• → A be a projetive A-bimodule resolution of A ∈O Mod(A ⊗ˆ A
op). The
following onditions are equivalent:
35.1. B ⊗ˆA P• ⊗ˆA B is a projetive B-bimodule resolution of B.
35.2. The map i∗ : B ⊗ˆ
L
A B → B ⊗ˆ
L
B B
∼= B is an isomorphism in Ho.
35.3. The map α in the ommuting diagram
(L i!) ◦ i
∗(M)
α // M
i∗(B) ⊗ˆ
L
A i
∗(M)
i∗ // B ⊗ˆ
L
B M
∼=
OO
is an isomorphism in Der(B) for all M ∈O Der(B).
35.4. The map i∗ : i
∗(M) ⊗ˆ
L
A i
∗(N) → M ⊗ˆ
L
B N is an isomorphism in Ho for any
M ∈O Der(B
op), N ∈O Der(B).
35.5. The map i∗ : RHomB(B,Hom(B,X))→ RHomA(B,Hom(B,X)) is an iso-
morphism in Ho for all X ∈O Bor.
35.6. The map i∗ : RHomB(B,M)→ RHomA(i
∗B, i∗M) is an isomorphism in Ho
for all M ∈O Der(B).
35.7. The map i∗ : RHomB(M,N)→ RHomA(i
∗M, i∗N) is an isomorphism in Ho
for all M,N ∈O Der(B).
35.8. The natural map
M ∼= EssB RHomB(B,M)→ EssB RHomA(B,M) = (R i∗) ◦ i
∗(M)
is an isomorphism in Der(B) for all M ∈O Der(B).
35.9. The funtor i∗ : Der(B)→ Der(A) is fully faithful.
Proof. First we hek the equivalene of 35.1 and 35.2. The funtor X 7→ X ⊗ˆA B
maps projetive A-bimodules to projetive A,B-bimodules. Similarly, Y 7→ B ⊗ˆA
Y maps projetive A,B-bimodules to projetive B-bimodules. Hene P• ⊗ˆA B
is projetive in Ho(A ⊗ˆ Bop) and B ⊗ˆA P• ⊗ˆA B is projetive in Ho(B ⊗ˆ B
op).
Sine A is projetive as a right B-module, the map P• → A is an isomorphism in
Ho(Aop). Thus P• ⊗ˆA B → A ⊗ˆA B ∼= B is a resolution. It is a projetive A,B-
bimodule resolution of B. It follows that B ⊗ˆ
L
A B
∼= B ⊗ˆA (P• ⊗ˆA B). This is a
projetive B-bimodule resolution if and only if it is a resolution, if and only if the
map B ⊗ˆ
L
A B → B is an isomorphism in Ho. Thus 35.1 and 35.2 are equivalent.
We have B ⊗ˆ
L
B M
∼= B ⊗ˆB M ∼= M beause B is projetive and M is essential.
Hene the map α in the diagram in 35.3 is an isomorphism if and only if i∗ is. Thus
35.4 implies 35.3 and 35.3 implies 35.2. We laim that, onversely, 35.2 implies 35.4.
The lass of M ∈O Der(B
op) with i∗(M) ⊗ˆ
L
A i
∗(N) ∼=M ⊗ˆ
L
BN for all N ∈O Der(B)
is a triangulated subategory of Der(Bop) and also losed under diret sums. By
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the quasi-unital variant of Proposition 10, this subategory is equal to Der(Bop)
one it ontains X ⊗ˆB for all X ∈O Bor. Fix suh an X . The lass of N ∈O Der(B)
with (X ⊗ˆB) ⊗ˆ
L
A i
∗(N) ∼= (X ⊗ˆB) ⊗ˆ
L
B N is a triangulated subategory of Der(B)
losed under diret sums. Again by Proposition 10, it is equal to Der(B) one it
ontains B ⊗ˆ Y for all Y ∈O Bor. Thus i
∗(M) ⊗ˆ
L
A i
∗(N) ∼= M ⊗ˆ
L
B N holds for all
M ∈O Der(B
op), N ∈O Der(B), one it holds for M = X ⊗ˆ B and N = B ⊗ˆ Y .
Sine X ⊗ˆ xy is an exat funtor for extensions with a bounded linear setion, we
have (X ⊗ˆ B) ⊗ˆ
L
A (B ⊗ˆ Y )
∼= X ⊗ˆ (B ⊗ˆ
L
A B) ⊗ˆ Y and (X ⊗ˆ B) ⊗ˆ
L
B (B ⊗ˆ Y )
∼=
X ⊗ˆ (B ⊗ˆ
L
B B) ⊗ˆ Y
∼= X ⊗ˆB ⊗ˆ Y . Thus 35.4 follows from 35.2 as asserted.
It is also lear that 35.7 implies 35.6 and 35.6 implies 35.5. Almost the same
argument that yields the impliation 35.2=⇒35.4 also shows that 35.5 implies 35.7.
Hene 35.57 are equivalent.
Next we laim that 35.2 and 35.57 are equivalent. Equation (13) yields
RHomA(B,Hom(B,X)) ∼= Hom(B ⊗ˆ
L
A B,X),
RHomB(B,Hom(B,X)) ∼= Hom(B ⊗ˆ
L
B B,X),
for all X ∈O Ho(Bor). (We do not have to derive Hom(xy, X) beause this funtor
is exat on extensions with a bounded linear setion.) The map
(22) i∗ : RHomB(B,Hom(B,X))→ RHomA(B,Hom(B,X))
in 35.57 orresponds to the map indued by i∗ : B ⊗ˆ
L
A B → B ⊗ˆ
L
B B under these
isomorphisms. By the Yoneda Lemma, (22) is an isomorphism for all X ∈O Ho if
and only if i∗ : B ⊗ˆ
L
A B → B ⊗ˆ
L
B B is an isomorphism in Ho. Hene 35.2 implies
35.5 and 35.7 implies 35.2. So far, we have seen that 35.17 are equivalent.
We laim that 35.6 and 35.8 are equivalent. It is lear that 35.6 implies 35.8
by applying the funtor EssB : Der(B
+) → Der(B). Conversely, we laim that we
get 35.6 bak from 35.8 if we apply RghB : Der(B) → Der(B
+). We have natural
isomorphisms
RghB EssB RHomB(B,M)
∼= RghB EssB RghBM
∼= RghBM
∼= RHomB(B,M)
beause B is projetive and RghB ◦EssB = Rgh
2
B = RghB. Using adjoint assoia-
tivity, we also get
RghB EssB RHomA(B,M)
∼= RHomB(B,RHomA(B,M))
∼= RHomA(B ⊗ˆ
L
B B,M)
∼= RHomA(B,M).
One heks easily that these isomorphisms are ompatible with the maps i∗ on both
sides. Hene 35.6⇐⇒ 35.8.
It is lear that 35.7 implies 35.9 by passing to homology. For the onverse,
we laim that 35.8 and 35.9 are equivalent. This follows in a formal way from
the adjointness of R i∗ and i
∗
. It yields natural isomorphisms DerA(i
∗X, i∗M) ∼=
DerB(X, (R i∗) ◦ i
∗M) for all X,M ∈O Der(B). The omposite
DerB(X,M)
i∗
→ DerA(i
∗X, i∗M)
∼=
→ DerB(X, (R i∗) ◦ i
∗M)
is indued by some map M → (R i∗)◦ i
∗M , whih turns out to be the one desribed
in 35.8. The Yoneda Lemma implies that DerB(X,M) → DerA(i
∗X, i∗M) is an
isomorphism for all X if and only if M → (R i∗) ◦ i
∗M is an isomorphism. This
means that 35.8 and 35.9 are equivalent. 
Denition 36. A morphism between quasi-unital bornologial algebras is alled
isoohomologial if the equivalent onditions of Theorem 35 are satised.
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Proposition 37. Let f : A 99K B and g : B 99K C be omposable morphisms be-
tween quasi-unital bornologial algebras. If two of f , g, g ◦ f are isoohomologial,
so is the third.
Proof. Suppose rst that g is isoohomologial. Then it follows immediately from
ondition 35.9 that g◦f is isoohomologial if and only if f is isoohomologial. Now
suppose that g◦f and f are isoohomologial. We want to show that g is isoohomo-
logial. Sine f is isoohomologial, we have g∗(C)⊗ˆ
L
B g
∗(C) ∼= f∗g∗(C)⊗ˆ
L
Af
∗g∗(C)
by 35.4. Sine g ◦ f is isoohomologial, the latter is isomorphi to C by 35.2. This
means that g is isoohomologial. 
Proposition 38. Let A1 99K B1 and A2 99K B2 be isoohomologial morphisms.
Then the indued morphism A1 ⊗ˆA2 99K B1 ⊗ˆB2 is isoohomologial as well.
Proof. Use (B1 ⊗ˆB2) ⊗ˆ
L
A1⊗ˆA2 (B1 ⊗ˆB2)
∼= (B1 ⊗ˆ
L
A1
B2) ⊗ˆ (B2 ⊗ˆ
L
A2
B2). 
6. Isoohomologial group onvolution algebras
Let D(G) be the onvolution algebra of smooth funtions of ompat support
on a loally ompat group G. This is a quasi-unital bornologial algebra, and
Mod(D(G)) is isomorphi to the ategory Mod(G) of smooth representations of G
(see [17℄). We frequently replae D(G) by G in our notation, writing ⊗ˆ
L
G and ⊗ˆG
for ⊗ˆ
L
D(G) and ⊗ˆD(G) and RHomG and HomG for RHomD(G) and HomD(G).
A smooth onvolution algebra on G is a bornologial algebra T (G) of funtions
on G that ontains D(G) as a dense subalgebra, suh that the left and right regular
representations of G on T (G) are smooth. Equivalently, T (G) is an essential bimod-
ule over D(G). Let i : D(G)→ T (G) be the embedding. It follows from Lemma 28
that T (G) is always quasi-unital and that i is a proper morphism. Proposition 31
asserts, among other things, that
i∗ EssT (G) = i
∗ EssD(G), i
∗RghT (G) = i
∗RghD(G) .
A T (G)-module M is essential if and only if i∗M is essential if and only if the
module struture is the integrated form of a smooth representation of G ([17℄).
Sine i has dense range, the funtor i∗ : Mod(T (G))→ Mod(G) is fully faithful,
that is, HomT (G)(M,N) = HomG(M,N) for any M,N ∈O Mod(T (G)). Thus
Mod(T (G)) is a full subategory of the ategory Mod(G) of smooth representations
of G. We all suh representations T (G)-tempered. A smooth representation is
T (G)-tempered if and only if its integrated form D(G) → End(M) extends to a
bounded homomorphism T (G)→ End(M).
The Shwartz algebras of Abelian loally ompat groups and the Shwartz alge-
bras of redutive groups over loal elds dened by Harish-Chandra are examples
of smooth onvolution algebras. If G is disrete, then the smoothness ondition
is empty and a smooth onvolution algebra is just an algebra that ontains C[G]
as a dense subalgebra. For instane, the algebra S(G) dened in (1) is a smooth
onvolution algebra on G.
Denition 39 ([18℄). We all a smooth onvolution algebra T (G) isoohomologial
if the embedding D(G)→ T (G) isoohomologial.
Denition 40. A smooth onvolution algebra T (G) on a loally ompat group G
is alled symmetri if Uφ(g, h) := φ(gh, g) and its inverse U−1φ(g, h) := φ(h, h−1g)
are bounded operators on T (G) ⊗ˆ T (G).
Of ourse, D(G) is always symmetri.
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Let T (G) be a symmetri onvolution algebra and let µ : T (G)⊗ˆT (G)→ T (G) be
the onvolution. Then (µ◦U)φ(g) =
∫
G
φ(g, h) dh. Hene the trivial representation
φ 7→
∫
G
φ(h) dh is a module over T (G).
The onvolution algebrasO(G) and Sk(G) for k ∈ R+∪{∞, ω} dened in [19℄ for
a nitely generated disrete group are easily seen to be symmetri. The Shwartz al-
gebra of a loally ompat Abelian group is symmetri as well beause the map U is
assoiated to a group homomorphism in this ase. In ontrast, the Harish-Chandra-
Shwartz algebra of a redutive group over a loal eld annot be symmetri beause
the trivial representation of suh a group is not tempered. For the same reason, the
Jolissaint algebra of a disrete group with rapid deay is only symmetri for groups
of polynomial growth.
Proposition 41. A symmetri onvolution algebra T (G) is isoohomologial if and
only if T (G) ⊗ˆ
L
G C
∼= T (G) ⊗ˆ
L
T (G) C
∼= C. By denition, T (G) ⊗ˆ
L
G C
∼= T (G) ⊗ˆG P•
for any projetive resolution P• → C of the trivial representation of G.
Proof. For M ∈O Mod(G
op), N ∈O Mod(G), equip M ⊗ˆ N with the inner onju-
gation ation (m ⊗ n) · g := (m · g ⊗ g−1 · n) for all g ∈ G, m ∈ M , n ∈ N , and
the assoiated right D(G)-module struture. Then we have a natural isomorphism
M ⊗ˆG N ∼= (M ⊗ˆN) ⊗ˆG C (see [17℄). This easily implies the orresponding state-
ment for hain omplexesM and N . It is heked in [17℄ thatM ⊗ˆN is a projetive
D(G)-module if M or N is projetive. Hene
M ⊗ˆ
L
G N
∼= (M ⊗ˆN) ⊗ˆ
L
G C
for all M ∈O Der(G
op), N ∈O Der(G). In partiular,
T (G) ⊗ˆ
L
G T (G)
∼=
(
T (G) ⊗ˆ T (G)
)ρ⊗ˆλ
⊗ˆ
L
G C,
where the supersript ρ ⊗ˆ λ indiates that we equip T (G) ⊗ˆ T (G) with the inner
onjugation representation of G.
The operator U of Denition 40 intertwines the inner onjugation ation ρ ⊗ˆ λ
and the regular representation on the seond tensor fator 1 ⊗ˆ ρ. Hene
(
T (G) ⊗ˆ T (G)
)ρ⊗ˆλ ∼= (T (G) ⊗ˆ T (G))1⊗ˆρ
for symmetri onvolution algebras. Therefore,
T (G) ⊗ˆ
L
G T (G)
∼=
(
T (G) ⊗ˆ T (G)
)1⊗ˆρ
⊗ˆ
L
G C
∼= T (G) ⊗ˆ (T (G) ⊗ˆ
L
G C).
This implies the assertion. 
Theorem 42. Let G be a nitely generated disrete group. If G admits a ombing
of polynomial growth, then S(G) is isoohomologial; if G admits a ombing of
subexponential growth, then Sω(G) is isoohomologial; and if G admits a ombing
of exponential growth, then O(G) is isoohomologial.
In general, if T (G) is O(G), Sω(G), or S(G), then T (G) is isoohomologial
if and only if the hain omplex that is denoted by T C˜•(G) in [19℄ has a bounded
ontrating homotopy. This property is invariant under quasi-isometry.
Proof. Let G be a nitely generated disrete group and let T (G) be one of the
onvolution algebras O(G) and Sk(G) for k ∈ R+ ∪ {∞, ω}. It is easy to see
that T (G) is symmetri. For an appropriate hoie of resolution P•, the omplex
T (G)⊗ˆGP• is exatly the omplex that is denoted by T C•(G) in [19℄. Proposition 41
therefore yields that T (G) is isoohomologial if and only if the hain omplex
T C˜•(G) is ontratible. It is shown in [19℄ that this ondition is invariant under
quasi-isometry and is satised in the presene of suitable ombings. 
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In partiular, the above theorem applies to nitely generated free non-Abelian
groups, to hyperboli groups, to automati groups, and to nitely generated Abelian
groups. All these lasses of groups have ombings of linear growth. The following
is proven in [18℄:
Theorem 43. The Bruhat-Shwartz algebra S(G) is isoohomologial for any Abel-
ian loally ompat group G.
A weight funtion on G is a funtion w : G→ R>0 suh that w(gh) ≤ w(g)w(h)
for all g, h ∈ G. We do not require any relationship between w(g) and w(g−1). If w
is a weight funtion, then
ℓ1(G,w) :=
{
f : G→ C
∣∣∣∣
∑
g∈G
|f(g)|w(g) <∞
}
is a Banah algebra with respet to onvolution. The funtions w(g) · (ℓ(g) + 1)k
for k ∈ N and w(g) · αℓ(g) for α > 1 are also weight funtions if w is. We let
S(G,w) :=
⋂
k∈N
ℓ1(G,w · (ℓ+ 1)
k).
A subset of S(G,w) is bounded if and only if it is bounded in ℓ1(G,w · (ℓ+1)
k) for
all k ∈ N. Thus S(G,w) is a Fréhet-Shwartz spae. More generally, if W is a set
of weight funtions, we let
S(G,W ) :=
⋂
w∈W
S(G,w).
A subset of S(G,W ) is bounded if it is bounded in S(G,w) for all w ∈ W . If W
is ountable, then S(G,w) is a Fréhet-Shwartz spae. For instane, if W = {nℓ |
n ∈ N≥2}, then S(G,W ) = O(G) beause the exponential growth of (n + 1)
ℓ/nℓ
dominates the polynomial growth of (ℓ + 1)k. The onvolution algebras S(G,W )
are usually not symmetri. Nevertheless, we an treat them as in [19℄.
Denition 44. Let G be a disrete group and let fj : G→ G, j ∈ N, be a ombing
of G as dened in [19℄. A set of weights W is alled ompatible with the ombing
if it has the following property: for any w ∈ W there is a nite linear ombination
w¯ :=
∑
w∈W αww suh that
w(fj(g)) · w(fj(g)
−1h) ≤ w¯(g) · w¯(g−1h)
for all g, h ∈ G, n ∈ N.
Theorem 45. Let G be a disrete group and let (fj)j∈N be a ombing of G of
polynomial growth. Let W be a set of weight funtions on G that is ompatible with
the ombing. Then S(G,W ) is isoohomologial.
Proof. The proof is very similar to the proof of the orresponding statement without
weights in [19℄. Hene we only outline the neessary hanges and assume that the
reader is familiar with [19℄.
Let V := S(G,W ) ⊗ˆ S(G,W ) equipped with the inner onjugation ation. We
have to show that the natural hain map V ⊗ˆ
L
G C→ S(G,W ) is an isomorphism in
Ho. The operator U in Denition 40 is a bornologial isomorphism between V and
V˜ := {f : G×G→ C |∑
g,h∈G
|f(g, h)|w(h)w(h−1g)(ℓ(g) + ℓ(h) + 1)k <∞ ∀w ∈ W,k ∈ N}.
The isomorphism is equivariant for the regular representation f ·g(x, y) := f(x, y ·g)
on V˜ . The free hain omplex C•(G) an be viewed as a free C[G]-module resolution
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of C. Hene V ⊗ˆ
L
G C
∼= V ⊗ˆG C•(G). We identify V ⊗ˆG Cn(G) with the spae of
funtions f : G × Gn+1 → C that satisfy the ontrol ondition in the denition of
SC•(G) in [19℄ with respet to the last n+ 1 variables and for whih the funtion
(g, h) 7→ f(g, h · x) belongs to V˜ for all x ∈ Gn+1. A subset of V ⊗ˆG Cn(G) is
bounded if it satises the ontrol ondition uniformly and if the set of funtions
(g, h) 7→ f(g, h · x) is bounded in V˜ for any xed x ∈ Gn+1. The boundary map on
V ⊗ˆG C•(G) is id⊗ δ.
We have V ⊗ˆG C0(G) = V˜ . The multipliation map V → S(G,W ) orresponds
to the map α : V˜ → S(G,W ), αf(g) =
∑
h f(g, h). The map α is split surjetive.
Let K• be the omplex with Kn = V ⊗ˆG Cn(G) for n ≥ 1 and K0 = kerα. Instead
of showing that α is a homotopy equivalene, we may show that K• is ontratible.
Let H : C˜•(G) → C˜•(G) be the ontrating homotopy that is used in the proof of
[19, Theorem 4℄. Then id⊗H is a ontrating homotopy for the dense subomplex
of ompatly supported funtions in K•. As in [19℄, one heks that this extends
to a bounded ontrating homotopy for K•. The ompatibility between the set of
weights and the ombing is exatly what is needed to prove that id⊗H is bounded
with respet to the growth ondition that denes V˜ . 
Example 46. If w : G→ R>0 is a group homomorphism, then
w(fj(g)) · w(fj(g)
−1h) = w(h) = w(g) · w(g−1h),
no matter what ombing we use. Hene the ompatibility is automati if W is a set
of group homomorphisms. For instane, let G = Zn. This group has a well-known
ombing of linear growth. It is dened by approximating the straight line in Rn
by a path in Zn. Group homomorphisms G→ R>0 are of the form x 7→ exp(a · x)
for some a ∈ Rn. Hene any subset W ⊆ Rn denes a weighted Shwartz algebra
S(Zn,W ). All these onvolution algebras are isoohomologial by Theorem 45.
By the way, max{exp(a · x), exp(b · x)} dominates exp(c · x) if c is a onvex
ombination of a and b. Therefore, S(Zn,W ) = S(Zn, W¯ ) if W¯ is the onvex hull
of W . Thus it sues to onsider the algebras S(Zn,W ) for onvex W ⊆ Rn. Any
suh onvex subset is a union of an inreasing sequene of onvex polyhedra. This
implies that S(Zn,W ) is always a Fréhet-Shwartz algebra.
Example 47. Let Fr be the free group on r generators s1, . . . , sr. This group has
the rapid deay property of Paul Jolissaint ([10℄). This means that
S2(Fr) :=
⋂
k∈N
ℓ2(Fr, (ℓ + 1)
k)
is an algebra with respet to onvolution. Using the standard free C[Fr]-resolution
of the trivial representation of length 1, we identify (S2(Fr) ⊗ˆ S2(Fr))
ρ⊗ˆλ ⊗ˆ
L
Fr
C
with the omplex (S2(Fr) ⊗ˆ S2(Fr))
r δ→ S2(Fr) ⊗ˆ S2(Fr) of length 1, where
δ((xj ⊗ yj)) :=
r∑
j=1
xj ⊗ yj − xjs
−1
j ⊗ sjyj.
One an show that δ is not an isomorphism onto the kernel of the multipliation
map S2(Fr) ⊗ˆ S2(Fr)→ S2(Fr). This means that S2(Fr) is not isoohomologial.
6.1. Variants of the de Rham omplex. The omplexes that we introdue in
this setion are used to prove that ertain onvolution algebras are isoohomologial.
Let M be a smooth oriented manifold of dimension n. We will only use the
aseM = Rn later. However, sine we equip Rn with group ations and want to do
onstrutions equivariantly, it is useful to formulate some denitions more generally.
Let T ∗M →M be the otangent bundle of M and let Λ∗(M)→M be its exterior
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algebra bundle. This is a graded algebra. Let Ω(M) be the spae of smooth setions
of Λ∗M , equipped with its usual Fréhet topology and the preompat bornology
that it denes. The de Rham boundary ddR turns Ω(M) into a bornologial hain
omplex, whose homology is known as the de Rham ohomology of M .
Let DΩ(M) ⊆ Ω(M) be the subspae of ompatly supported smooth setions.
A subset of DΩ(M) is bounded if it is bounded in Ω(M) and all all its elements
have uniformly ompat support. The orientation of M provides a bounded linear
funtional ∫ : DΩn(M)→ C that satises ∫ ◦ddR = 0. Hene we get a hain omplex
(23) 0 −→ DΩ0(M)
ddR
−→ DΩ1(M)
ddR
−→ . . .
ddR
−→ DΩn(M)
∫
−→ C.
This hain omplex is natural for orientation preserving dieomorphisms. If a
dieomorphism Φ: M → M reverses the orientation, we let it at on DΩj(M) by
ω 7→ −Φ∗ω for all j. Thus ∫ and ddR ommute with the ation of Φ. Thus (23)
beomes a hain omplex over Mod(G) if G is a Lie group that ats smoothly
on M . We equip C with the trivial representation of G. Sine we want (23) to be
a resolution, we shift the grading so that DΩn(M) ours in degree n− j.
Proposition 48. Suppose that a Lie group G (possibly with innitely many om-
ponents) ats properly and smoothly on Rn for some n ∈ N. Then the hain om-
plex (23) for M = Rn is a projetive resolution of the trivial representation of G.
Proof. We have to hek that DΩ(Rn) is a projetive D(G)-module and that the
omplex (23) for M = Rn has a bounded ontrating homotopy. The seond
assertion is well-known. Using the isomorphism DΩ(Rn) ∼= DΩ(R)⊗ˆn, we an
redue the proof to the easy ase n = 1. To prove projetivity of DΩ(Rn), we need
a G-equivariant setion for the map
α : D(G×M,Λ∗M)
∼=
→ D(G) ⊗ˆ DΩ(M)→ DΩ(M)
that denes the group ation. There is ψ ∈ D(M) with
∫
G
ψ(g−1x) dλ(g) = 1 for
all x ∈M . The map σf(g, x) := ψ(x) · g−1∗ f(gx) is the desired setion for α. 
Next we desribe variants SΩ(Rn), SωΩ(Rn), and O(Rn) of (23) for M = Rn.
We let SΩ(Rn) be the spae of all setions of Λ∗Rn with rapid deay; that is, for
all k ∈ N and all onstant oeient dierential operators D on Rn, there is C > 0
with ‖D(f)(x)‖ ≤ C · (‖x‖+ 1)−k. Here we use the usual Eulidean metri on Rn
to dene the norm on the bres of Λ∗Rn. A subset of SΩ(Rn) is bounded if the
above estimates hold uniformly for its elements. The operators ddR and ∫ extend
to SΩ(Rn), so that SΩ(Rn) beomes a hain omplex of bornologial vetor spaes.
Similarly, we dene OΩ(Rn) by requiring exponential deay, that is, for all α > 1
and all onstant oeient dierential operators D on Rn, there is C > 0 suh that
‖D(f)(x)‖ ≤ C · α‖x‖. Finally, we dene SωΩ(Rn) by a subexponential deay on-
dition: there is α > 1 suh that for all onstant oeient dierential operators D
on Rn there is C > 0 with ‖D(f)(x)‖ ≤ C · α‖x‖. In both ases, we all a subset
bounded if its elements satisfy the appropriate estimate uniformly.
Lemma 49. The omplexes SΩ(Rn), SωΩ(Rn) and OΩ(Rn) (all augmented by ∫)
are ontratible.
Proof. One heks easily that SΩ(Rn) ∼= SΩ(R)⊗ˆn. Hene the assertion for gen-
eral n redues to the speial ase n = 1, whih is easy. The same argument works
for SωΩ(Rn) and OΩ(Rn). 
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6.2. Appliation to groups of polynomial growth. Let G be a disrete group
of polynomial growth. That is, G is nitely generated and the number of elements
g ∈ G satisfying ℓ(g) ≤ R has polynomial growth as a funtion of R. This setion
is devoted to the proof of the following theorem:
Theorem 50. Let G be a disrete group of polynomial growth. Then the onvolution
algebras S(G), Sω(G) and O(G) on G are isoohomologial.
Let T (G) be one of the onvolution algebras in the statement of the theorem.
We shall use the following known struture theorem:
Theorem 51. Let G be a nitely generated disrete group of polynomial growth.
Then there exists a onneted nilpotent Lie group G¯ and a oompat lattie G′ ⊆ G¯
that is quasi-isometri to G.
Proof. By a elebrated result of Mikhail Gromov ([5℄), the group G ontains a
nilpotent subgroup G1 of nite index. It follows from results of [7℄ that G1 and
hene G ontain a torsion free subgroup G′ of nite index, whih is, of ourse,
again nitely generated and nilpotent. A famous result of Anatoli Ivanovi£ Malev
([14,15℄) yields that G′ is isomorphi to a oompat lattie in a onneted nilpotent
Lie group. 
It follows from [19℄ that the assertions in Theorem 50 are invariant under quasi-
isometry. Hene we may assume in the following that G is a oompat lattie
in a onneted nilpotent Lie group G¯. Let g be the Lie algebra of G¯. Sine G¯
is nilpotent, the exponential map exp: g → G¯ is a dieomorphism, that is, its
inverse log : G¯→ g is everywhere dened and smooth. In the following, we identify
G¯ ∼= g ∼= Rn and equip g with the ation of G by left translation. This is a smooth
ation G × g → g as in Proposition 48. Hene the omplex DΩ(G¯) is a projetive
resolution of the trivial representation of G.
Lemma 52. T (G) ⊗ˆG DΩ(G¯) ∼= T Ω(g) as bornologial hain omplexes.
Lemma 52 and Lemma 49 yield T (G) ⊗ˆ
L
G C
∼= C. Sine T (G) is a symmetri
onvolution algebra, this implies that T (G) is isoohomologial and nishes the
proof of Theorem 51.
Proof. Let X1, . . . , Xn be an orthonormal basis for g. We view X1, . . . , Xn as
left invariant vetor elds on G¯ and then pull them bak to g using the exponential
map. We still writeX1, . . . , Xn for the resulting vetor elds on g. Alternatively, we
may also extend X1, . . . , Xn to translation invariant vetor elds on the Eulidean
spae g. We denote these by Y1, . . . , Yn. Sine they are both D(g)-module bases
for the spae of vetor elds on g, they are related by pointwise multipliation
with some funtion g → Gl(g). This funtion an be desribed as follows. Let
ad: g → End(g) be the adjoint representation of g. We need the holomorphi
funtion
σ : C→ C, σ(x) :=
sinh(x/2)
x/2
.
It is shown in [21℄ and [2℄ that Yj(Z) is obtained from Xj(Z) by applying the
linear operator σ
(
ad(Z)
)
for all Z ∈ g. Sine G¯ is nilpotent, the funtion σ(adZ)
and its inverse σ(adZ)−1 are both polynomial funtions on g. Therefore, if φ ∈
E(g), then P (X1, . . . , Xn)(φ) has rapid deay for all polynomials P if and only if
P (Y1, . . . , Yn)(φ) has rapid deay for all polynomials P .
Equip G¯ with some Riemannian metri that is invariant under left multipliation
and let d : G¯× G¯→ R+ be the assoiated metri. It is well-known that the urves
exp(tX) for X ∈ g with ‖X‖ = 1 are unit speed geodesis in G¯. Thus d(x, 1) =
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‖log(x)‖ for all x ∈ G¯. Sine G ⊆ G¯ is oompat, the word length funtion on G is
equivalent to the length funtion ‖log(x)‖, so that both norms give the same rapid
deay ondition. This allows to identify S(G) ⊗ˆG D(g) with the spae of funtions
g → C for whih P (X1, . . . , Xn)(φ) has rapid deay for all polynomials P . Sine
we may replae (Xj) by (Yj), this gives S(g) as desired. The same argument works
for Sω(G¯) and O(G¯).
Let dX1, . . . , dXn be the basis for the spae of ovetor elds that is dual to
X1, . . . , Xn. Then the standard basis vetors dXi1 ∧ · · · ∧ dXij for Λ
∗g provide a
G¯-invariant basis for the spae of dierential forms on g. This yields a G¯-equivariant
isomorphism D(G¯)⊗ˆΛ∗g ∼= DΩ(G¯) and hene T (G)⊗ˆGDΩ(G¯) ∼= T (g)⊗ˆΛ
∗g. Here
we use the dierential forms dXi1 ∧ · · · ∧ dXij as our basis to measure the deay of
a dierential form. Sine we get the same deay ondition if we use dYi1 ∧· · ·∧dYij
instead, this spae is equal to T Ω(g) as desired. 
6.3. Some smooth onvolution algebras on Lie groups. The tehniques used
to prove Theorem 51 also apply to ertain smooth onvolution algebras on Lie
groups. First we dene the onvolution algebras that we are interested in. Let G
be a Lie group with nitely many onneted omponents. (More generally, similar
onstrutions work for arbitrary almost onneted loally ompat groups). Let dλ
be a left invariant Haar measure on G. We need the following analogue of a word
length funtion. There is a ompat subset S ⊆ G with S = S−1 and
⋃
Sn = G.
Dene ℓ(g) to be the minimal n ∈ N with g ∈ Sn. It is easy to see that the norms
‖φ‖k :=
∫
G
|φ(g)|(ℓ(g) + 1)k dλ(g), |‖φ‖|α :=
∫
G
|φ(g)|αℓ(g) dλ(g)
are submultipliative and hene dene Banah onvolution algebras ℓ1(G, (ℓ+ 1)
k)
and ℓ1(G,α
ℓ) on G.
Consider the spae A(G) :=
⋂
α>1 ℓ1(G,α
ℓ) of funtions of exponential deay,
equipped with the obvious bornology. This is the von Neumann bornology on a
Fréhet spae. We let O(G) be the smoothening of the left regular representation
of G on A(G). Let U(g) be the universal enveloping algebra of G, identied with
the spae of distributions on G supported at the identity element. Sine A(G) is
bornologially metrisable, the smoothening O(G) is the subspae of φ ∈ A(G) for
whih D ∗ φ ∈ A(G) for all D ∈ U(g). A subset S of A(G) is bounded if and only
if D ∗ S is bounded in A(G) for eah D ∈ U(g) (see [17℄). If G is only almost
onneted, the smoothening is a bit more ompliated to desribe expliitly. We
assume in the following that G is a Lie group to simplify the exposition.
We laim that O(G) is a symmetri smooth onvolution algebra on G. It is
lear that the left regular representation of G on O(G) is smooth. The dierene
between left and right onvolution by D is given by the adjoint representation of G
on g. Sine this has at most exponential growth, the operator φ 7→ φ ∗ D is a
bounded linear operator on O(G) for any D ∈ U(g). This means that the right
regular representation of G on O(G) is smooth as well. Thus O(G) is a smooth
onvolution algebra on G. Of ourse, we ould equally well have dened O(G) as
the smoothening of the right regular representation. Sine it does not matter on
whih side we smoothen the representation, the same argument as in the disrete
ase shows that O(G) is symmetri.
Now suppose that G is a onneted nilpotent Lie group or, slightly more gen-
erally, an extension of a ompat group by a onneted nilpotent Lie group. Let
B(G) :=
⋂
k∈N ℓ1(G, (ℓ + 1)
k) and let S(G) be the smoothening of the left regu-
lar representation of G on B(G). This spae an be desribed as above. Sine
the adjoint representation of G has polynomial growth in this ase, the right and
left regular representations of G on S(G) have the same smoothening. The same
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reasoning as above shows that S(G) is a symmetri smooth onvolution algebra
on G. Finally, we dene Bω(G) :=
⋃
α>1 ℓ1(G,α
ℓ) and let Sω(G) be the smoothen-
ing of the left regular representation on this spae. This is a symmetri smooth
onvolution algebra for the same reasons.
We remark without proof that the smoothening of
⋂
ℓp(G,α
ℓ) is equal to O(G)
for all p ∈ [1,∞] and for all almost onneted loally ompat groups. Similarly, in
the nilpotent ase the smoothenings of
⋂
ℓp(G, (ℓ+ 1)
k) and
⋃
ℓp(G,α
ℓ) are equal
to S(G) and Sω(G), respetively, for all p ∈ [1,∞]. This implies that the spaes
O(G), S(G), and Sω(G) are nulear whenever they are dened. We do not prove
this statement beause we have no use for it here.
Theorem 53. The onvolution algebras S(G), Sω(G) and O(G) are isoohomolog-
ial if G is a onneted nilpotent Lie group.
Proof. We have already remarked above that these onvolution algebras are sym-
metri. The omplex DΩ(G) is a projetive resolution of the trivial represen-
tation of G by Proposition 48. As in the proof of Lemma 52, one shows that
T (G) ⊗ˆG DΩ(G) ∼= T Ω(g). This yields the assertion as above. 
Let G be a Lie group with nitely many onneted omponents and letK ⊆ G be
a maximal ompat subgroup. The general struture theory of suh groups asserts
that G/K is dieomorphi to some Rn. Hene DΩ(G/K)→ C is a projetive D(G)-
module resolution of the trivial representation of G by Proposition 48. We hoose
a K-invariant inner produt on the Lie algebra g of G. This denes a G-invariant
Riemannian metri on G/K. Let p be the orthogonal omplement of the Lie algebra
of K inside g. We may identify p with the tangent spae of G/K at the identity
oset K. As above, unit speed geodesis in G/K emanating from K are exatly the
paths of the form exp(tX) for some X ∈ p with ‖X‖ = 1.
Theorem 54. Suppose that the map exp: p → G/K desribed above is a dieo-
morphism. For instane, this is the ase if g is a redutive Lie algebra and G and
its entre have only nitely many onneted omponents, or if G is an exponential
Lie group. Then O(G) is isoohomologial.
Proof. It is well-known that the homogeneous spae G/K is a CAT(0) spae if g
is redutive and G and its entre have only nitely many onneted omponents.
This implies that the exponential map is a dieomorphism (see [2℄). Reall that G
is exponential if exp: g→ G is a dieomorphism. This implies K = {1} and hene
that the map exp: p→ G/K is a dieomorphism.
Sine the exponential map p → G/K is a dieomorphism, it yields an isomor-
phism DΩ(G/K) ∼= DΩ(p). As above, the proof is nished by showing that this
extends to an isomorphism between O(G) ⊗ˆG DΩ(G/K) and OΩ(p). If K = {1},
that is, G is an exponential Lie group, then the argument is almost literally the
same as above. The funtion σ(adZ) above and its inverse automatially have ex-
ponential growth. This is enough to prove that the dierent bases (Xj) and (Yj)
are equivalent for measuring the deay of derivatives, as long as we are only in-
terested in spaes like O(G) whih are losed under multipliation by funtions of
exponential growth.
In general, we may proeed as follows. The projetion G→ G/K indues a map
Ω(G/K)→ Ω(G). We all a dierential form ω ∈ Ω(G) speial if it is in the range
of this map. Equivalently, it is invariant under the right regular representation
of K and takes values in Λ∗p ⊆ Λ∗g. Let X1, . . . , Xm be a basis of g and view
these elements as left invariant vetor elds on G. We let OΩ(G) be the spae of
all setions of Ω(G) whose oeients with respet to the basis dXi1 ∧ · · · ∧ dXij
are in O(G). Reall also that f ∈ O(G) if and only if P (X1, . . . , Xm)(f) = O(α
ℓ)
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for all α > 1 and all polynomials P . One an now hek that O(G) ⊗ˆG DΩ(G/K)
is isomorphi to the losed subspae of speial forms in OΩ(G).
We may view g×K as a Lie group and then dene OΩ(g×K) and the subspae
of speial dierential forms as above. Expliitly, speial dierential forms on g×K
are dened using the oordinate projetion g×K → g. We use the length funtion
ℓ(X, k) := ‖X‖ on p ×K and the basis Y1, . . . , Ym of g×K-invariant vetor elds
assoiated to the basis (Xj) of g. One an show easily that OΩ(p) is isomorphi to
the subspae of speial dierential forms in OΩ(g×K).
The hypotheses on G guarantee that the map
Θ: p×K → G, (X, k) 7→ exp(X) · k,
is a dieomorphism. If ω ∈ Ω(G), then ω is speial if and only if Θ∗(ω) is speial.
The funtion ℓ◦Θ−1 on G is equivalent to the length funtion that is used to dene
O(G). The bases (Xj) and (Yj) are related by multipliation by funtions of at
most exponential growth. Therefore, OΩ(G) ∼= OΩ(g ×K), and the subspaes of
speial elements also oinide. This means that O(G) ⊗ˆG DΩ(G/K) ∼= OΩ(p) as
asserted. 
7. Tempered rossed produts and nonommutative tori
In this setion, we onsider rossed produt algebras. First we dene them,
show that they are quasi-unital, and identify the essential modules with ovariant
representations. Then we nd a suient riterion for isoohomologial embeddings
in this ontext and apply it to nonommutative tori.
7.1. Crossed produt algebras with ompat support. Let G be a loally
ompat group and let B be a bornologial algebra equipped with a smooth rep-
resentation of G by algebra automorphisms β : G → Aut(B). The spae D(G,B)
of smooth ompatly supported funtions G → B an be dened most quikly as
D(G) ⊗ˆB (see also [17℄). Let dλ be a left invariant Haar measure on G. We dene
the onvolution on D(G,B) by the usual formula
(24) φ1 ∗ φ2(g) :=
∫
G
φ1(h) · βhφ2(h
−1g) dλ(h).
for all φ1, φ2 ∈ D(G,B). This multipliation turns D(G,B) into a bornologial
algebra, whih we denote D(G)⋉ B.
Denition 55. Suppose that B is essential. An (essential) ovariant representation
of G and B on a bornologial vetor spae M is a pair (ρ, π), where ρ : B →
End(M) is an essential B-module struture onM and π : G→ Aut(M) is a smooth
representation, suh that π(g)ρ(b)π(g−1) = ρ(βgb) for all g ∈ G, b ∈ B.
A ovariant representation an be integrated to a module struture
D(G) ⋉B → End(M), φ 7→
∫
G
ρ(φ(g)) ◦ π(g) dλ(g).
We want to show that all essential modules over D(G) ⋉B are of this form. As in
the theory of C∗-algebra rossed produts, this is done by embedding B and G in
the multiplier algebraM(D(G) ⋉B) by
(g · φ)(h) := βgφ(g
−1h), (b · φ)(h) := bφ(h),
(φ · g)(h) := φ(hg−1)µG(g)
−1, (φ · b)(h) := φ(h)βh(b),
where µG denotes the modular funtion of G. The representations of G on D(G)⋉B
by left and right multipliation are evidently smooth, that is, D(G) ⋉ B is an
essential bimodule over D(G). If B is quasi-unital, then D(G) ⋉ B is also an
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essential B-bimodule. This is lear for the left module struture. For the right
module struture, use the bounded linear operators W,W−1 : D(G,B)→ D(G,B),
(25) Wφ(g) := βgφ(g), W
−1φ(g) := β−1g φ(g).
They satisfy W−1(W (φ) · b)(h) = φ(h)b. Hene D(G) ⋉ B ∼= D(G) ⊗ˆ B with the
free module struture both as a left and a right B-module.
Theorem 56. If B is quasi-unital, then D(G) ⋉ B is quasi-unital as well. The
ategory of essential D(G) ⋉ B-modules is equivalent to the ategory of ovariant
representations of G and B.
Proof. It is straightforward to onstrut approximate units in D(G) ⋉ B using
approximate units in B and an approximation of δ1 in D(G) (see also [17℄ for a
treatment of D(G)). Let (ρ, π) be a ovariant representation of G and B on M .
Sine ρ : B → End(M) is essential, we have a bounded linear setion σBM : M →
B ⊗ˆM . Dene σ : M → D(G,B ⊗ˆM) ∼= (D(G) ⋉B) ⊗ˆM by
σ(m)(g) := ψ(g) · (idB ⊗ˆ π)(g)
−1σBM (m)
for some funtion ψ ∈ D(G) with
∫
G
ψ(g) dλ(g) = 1. This is a bounded linear
setion for the ation (D(G)⋉B) ⊗ˆM →M . Thus ovariant representations yield
essential modules. Applying this to left and right module struture on D(G) ⋉ B,
we see that D(G) ⋉ B is quasi-unital. Conversely, if M is an essential D(G) ⋉ B-
module, we get a smooth representation of G and an essential B-module struture
using the morphisms D(G), B 99K D(G)⋉B. They satisfy the ovariane ondition
and their integrated form is the given D(G) ⋉ B-module struture. One heks
easily that the above onstrutions are funtorial and inverse to eah other. Thus
we have an isomorphism of ategories. 
7.2. Tempered rossed produt algebras. Now let T (G) be a smooth onvolu-
tion algebra on G. Let B be as above and suppose, in addition, that the operators
W and W−1 in (25) extend to bounded linear operators on T (G,B) := T (G) ⊗ˆB.
Using this and that T (G) is a onvolution algebra, one an hek easily that the
onvolution (24) extends to a bounded bilinear map on T (G,B). We let T (G)⋉B
be T (G,B) equipped with this multipliation.
Proposition 57. The algebra T (G)⋉B is quasi-unital and the embedding
i : D(G) ⋉B → T (G)⋉B
is a proper morphism. The ategory Mod(T (G)⋉B) is isomorphi to the ategory
of ovariant representations (ρ, π) for whih π : G→ Aut(M) is T (G)-tempered.
Proof. The same argument as for D(G) ⋉ B shows that T (G) ⋉ B is an essential
B-bimodule and that the representations of G on T (G) ⋉ B by left and right
multipliation are smooth. Hene T (G) ⋉ B arries a ovariant representation
of G and B. By Theorem 56, T (G) ⋉ B is an essential bimodule over D(G) ⋉ B.
Lemma 28 implies that T (G)⋉B is quasi-unital and that the embedding ofD(G)⋉B
is a proper morphism. Sine this homomorphism has dense range, the indued
funtor Mod((T (G)⋉B)+)→ Mod((D(G) ⋉B)+) is fully faithful. Proposition 31
shows that the smoothening funtor on Mod((T (G)⋉B)+) is the restrition of the
smoothening funtor on Mod((D(G) ⋉ B)+). Thus a module over T (G) ⋉ B is
essential if and only if it is essential as a module over D(G) ⋉B. By Theorem 56,
Mod(T (G) ⋉ B) is isomorphi to the ategory of ovariant representations (π, ρ)
whose integrated form extends to a bounded homomorphism on T (G) ⋉ B. The
latter just means that the integrated form of π extends to T (G). 
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Theorem 58. Let G be a loally ompat group and let T (G) be an isoohomolog-
ial smooth onvolution algebra on G. Let B1 and B2 be quasi-unital bornologial
algebras, equipped with ations of G by automorphisms. Suppose that the operators
W and W−1 in (25) extend to bounded operators on T (G) ⊗ˆB2, so that T (G)⋉B2
is dened. Let i : B1 99K B2 be a G-equivariant isoohomologial morphism.
Then the indued morphism D(G) ⋉B1 99K T (G)⋉B2 is isoohomologial.
Proof. By Proposition 37, it sues to prove that the morphisms D(G) ⋉ B1 99K
D(G) ⋉B2 and D(G) ⋉B2 99K T (G)⋉B2 are isoohomologial.
The morphism iB : B 99K D(G)⋉B gives rise to a funtor
iB! : Mod(B)→ Mod(D(G) ⋉B), M 7→ i
B
! (M) = (D(G) ⋉B) ⊗ˆB M.
Sine D(G) ⋉ B is projetive as a right B-module, this funtor is exat, that is,
iB! = L i
B
! . Moreover, D(G) ⋉B2
∼= iB1! (B2)
∼= (D(G) ⋉B1) ⊗ˆ
L
B1
B2 and hene
D(G) ⋉B2 ⊗ˆ
L
D(G)⋉B1 D(G) ⋉B2
∼= D(G)⋉B2 ⊗ˆ
L
D(G)⋉B1 D(G)⋉B1 ⊗ˆ
L
B1
B2
∼= (D(G) ⋉B2) ⊗ˆ
L
B1
B2 ∼= D(G) ⊗ˆ (B2 ⊗ˆ
L
B1
B2).
Thus D(G) ⋉B1 99K D(G)⋉B2 is isoohomologial if and only if B1 99K B2 is.
Next we let B = B2 and show that D(G)⋉B 99K T (G)⋉B is isoohomologial.
The morphism iG : D(G) 99K D(G)⋉B gives rise to a funtor
iG! : Mod(G)→ Mod(D(G) ⋉B), M 7→ i
G
! (M) = (D(G) ⋉B) ⊗ˆG M.
Sine D(G)⋉B is projetive as a right D(G)-module, this funtor is exat, that is,
iG! = L i
G
! . One heks easily that T (G) ⋉ B
∼= iG! T (G), using that W and W
−1
are bounded on T (G) ⊗ˆ B. As above, this implies that D(G) ⋉ B → T (G) ⋉ B is
isoohomologial if and only if T (G) is isoohomologial. 
7.3. Appliation to nonommutative tori. In this setion, we show how Alain
Connes's omputations for non-ommutative tori in [3℄ t into our framework. Our
method obviously extends to non-ommutative tori of higher rank and to some
other rossed produt algebras. We do not pursue this here in order to formulate
results very onretely. Let θ ∈ R and let T2θ be the nonommutative 2-torus dened
by invertible generators U, V satisfying the relation UV = exp(2πiθ)V U for some
θ ∈ R. We dene bornologial algebras
P(T2θ) ⊆ O(T
2
θ) ⊆ S
ω(T2θ) ⊆ S(T
2
θ)
of polynomial, holomorphi, real analyti, and smooth funtions on T2θ. These
spaes are equal to C[Z2], O(Z2), Sω(Z2), and S(Z2) as bornologial vetor spaes,
and equipped with the produt dened by UV = exp(2πiθ)V U . For θ = 0, we get
the algebras of Laurent series, of holomorphi funtions on (C×)2, of real analyti
funtions on T2, and of smooth funtions on T2, respetively. Thus one may also
use the notation P((C×)2θ) and O((C
×)2θ) to stress that these algebras live on the
omplex torus (C×)2.
Let T (T2θ) be one of these bornologial algebras. We remark that P(T
2
θ) arries
the ne bornology, O(T2θ) and S(T
2
θ) are Fréhet-Shwartz spaes equipped with
the preompat bornology, and Sω(T2θ) is a Silva spae (see [19℄). However, the
only property that we need is that T (Z) ⊗ˆ T (Z) ∼= T (Z2).
Let Z at on the onvolution algebra T (Z) by n ·Vm := exp(2πiθ ·nm)V m. This
denes a representation of Z by automorphisms. The operator W in (25) is given
by W (UmV n) = exp(2πiθ ·mn)UmV n. This is evidently a bounded linear operator
on T (Z × Z) = T (Z) ⊗ˆ T (Z). Hene we an form the rossed produt algebra
T (Z) ⋉ T (Z). Of ourse, this is nothing but T (T2θ).
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Theorem 59. The embeddings of P(T2θ) in O(T
2
θ), S
ω(T2θ) and S(T
2
θ) are isoo-
homologial.
Proof. Theorem 42 shows that the embedding C[Z] → T (Z) is isoohomologial.
Therefore, the embedding P(T2θ) = C[Z] ⋉C[Z] → T (Z) ⋉ T (Z) = T (T
2
θ) is isoo-
homologial by Theorem 58. 
Let K• be the omplex of free P(T
2
θ)-bimodules
0→ P(T2θ)⊗ P(T
2
θ)
b2−→
[
P(T2θ)⊗ P(T
2
θ)
]2 b1−→ P(T2θ)⊗ P(T2θ)→ 0
augmented by a map K0
b0→ P(T2θ), where
b0(x⊗ y) := x · y,
b1(x1 ⊗ y1, x2 ⊗ y2) := x1 ⊗ y1 − x1U
−1 ⊗ Uy1 + x2 ⊗ y2 − x2V
−1 ⊗ V y2,
b2(x⊗ y) := (x⊗ y − xV
−1 ⊗ V y, xU−1 ⊗ Uy − x⊗ y).
It is easy to hek that K• → P(T
2
θ) is a free P(T
2
θ)-bimodule resolution of P(T
2
θ).
This purely algebrai statement is not aeted if we equip all spaes in K• with the
ne bornology.
Sine P(T2θ) is free as a right module, the hain omplex above is still ontratible
as a omplex of right modules. Hene K• ⊗ˆP(T2
θ
) M →M is a free resolution of M
for any M ∈O Mod(P(T
2
θ)). As a result, RHomP(T2θ)(M,N) and M ⊗ˆ
L
P(T2
θ
) N an
be identied with the bornologial hain omplexes
0→ HomP(T2
θ
)(M,N)
b2−→ HomP(T2
θ
)(M,N)
2 b1−→ HomP(T2
θ
)(M,N)→ 0
0→M ⊗ˆN
b2−→ (M ⊗ˆN)2
b1−→M ⊗ˆN → 0.
Theorem 59 implies that the same hain omplexes also ompute RHomT (T2
θ
)(M,N)
and M ⊗ˆ
L
T (T2
θ
) N . In partiular, T (T
2
θ) has ohomologial dimension 2.
The ommutator quotient M/♮ of a bimodule M is the quotient of M by the
losed linear span of elements of the form am − ma with a ∈ A, m ∈ M . The
Hohshild homology of a quasi-unital algebra A is equal to the homology of P•/♮
for any projetive bimodule resolution P• of A beause suh algebras are H-unital
(see [13℄). Theorem 35.1 provides suh a resolution for T (T2θ). The resulting om-
mutator quotient omplex is
T (T2θ)
δ2−→ T (T2θ)
2 δ1−→ T (T2θ)
with δ2(x) = (x−V xV
−1, UxU−1− x), δ1(x1, x2) = x1−Ux1U
−1+ x2−V x2V
−1
.
We an identify this hain omplex with L ⊗ˆ L, where L is the hain omplex
T (Z)
α
→ T (Z), αf(m) := (1− exp(2πiθm))f(m),
onentrated in degrees 0 and 1. The kernel of α is spanned by δ0 if θ is irrational.
The restrition of α to C[Z∗] is invertible. Thus the hain omplex L for P(T2θ) is
homotopy equivalent to C
0
→ C. As a result, the Hohshild homology of P(T2θ) is
given by C, C2, and C in dimensions 0, 1, and 2, and vanishes in higher dimensions.
If we replae C[Z∗] by T (Z∗), the restrition of α need not be invertible any
more. The issue is whether or not the funtion m 7→ (1− exp(2πiθm))−1 on Z∗ has
polynomial, subexponential, or exponential growth, depending on whether we on-
sider S(Z), Sω(Z), or O(Z). It is observed by Alain Connes ([3℄) that this question
for S(Z) depends on the Diophantine approximation properties of the parameter θ.
The same holds for the other funtion spaes. The Hohshild homologies of T (T2θ)
and P(T2θ) agree if and only if (1− exp(2πiθm))
−1
satises the appropriate growth
ondition. Otherwise, the Hohshild homology of T (T2θ) ontains some additional
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innite dimensional non-Hausdor spaes in dimensions 1 and 0. We remark that
these additions disappear in periodi yli homology. The reason is the gauge
ation of T2 on T (T2θ). By homotopy invariane, only the gauge invariant part of
the Hohshild homology ontributes to the periodi yli homology.
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